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BBeaenue

UYro Takoe coBpeMeHHaA MaTeMaTUKa? JTO CTPOMHbIe TEOpUH, COCTOA-
IIYie M3 LEMOYKU OIpe/ie/IeHU, HECJIOXKHBIX yTBep:KAeHUN U 3 deKTHBIX
npumMepoB? Viu 3T0 TIybOKKe U TEXHUYECKU CIOXKHBIE TEOPEMBI, Ha pas-
60p TOMBKO CXEM /IOKA3aTeIbCTB KOTOPHIX MOXKET MOHAZ0OUThCA HECKOIBKO
JacoB wiu AHel? [loxkasyii, 5To U TO U ApyToe, U I y4eOHOro mocobus
B&)XKHO OTBICKATh 30JI0TYIO CEPeJUHY, JEKAIYI0 MEXKIY ABYMA ONMCAHHBI-
MU KpalHOCTAMU. B 3TOM mocoGuM u3maraioTcs Kak ¢$pparMeHThl KJIacCH-
YeCcKHUX TeOpUH, TakK M /0Ka3aTelbCTBa JBYX TPYAHBIX Pe3y/lbTaTOB: Teope-
MBI Maxkosies: 0 mocieZIoBaTebHOCTAX pasMepHOCTe KOMIIOHEHT CTaH/apT-
HBIX PaZlyMpOBaHHBIX anrebp u teopeMbl HaraTel—CreliHOGepra o ToM,
4TO anrebpa MHBAaPUAHTOB HEKOTOPO JIMHEMHOM IPYIIITLI He ABJIAETCS KO-
HEYHO MTOPOXAeHHOH. [TocyieiHMIA pe3ynbTaT obecriedrBaeT KOHTPIpUMep
K 14-i1 mpobneme I'mibbepTa. B HacTosIee BpeMsi M3BECTHBI 0KA3aTeb-
CTBA 3TUX TEOpeM, ONMUPAIIIHECT TOTBKO Ha (aKThl U3 Kypca JUHEHHON
anrebpel. DTOT NOAXOA U OyZET peasn30BaH HIDKE.

OcraHoBUMCA NOAPOGHEe HA CoAepKaHUM IOCOOUs. B mepBbIX mapa-
rpadax manaramTcsa cTaHZAPTHHEE GAKTH 0 KOMMYTAaTHUBHBIX TPagyypo-
BaHHBIX ajlre6pax, onpeAesioTcsa psgsl [lyaHkape U MHOTOWIEHB ['MiIh-
Gepra, JOKa3bIBaeTCsS TeOpeMa O MPeACTaBUMOCTH psiia [IyaHKape KoHed-
HO TIOPOXKJEHHOU I'pafyrpOBaHHON aare6psl palroHaAbHONU QYHKIMEH.
3aTeM MBI lIepeXofUM K U3y4eHUIO [10c/Ie/joBaTeIbHOCTe pasMepHoCTel
KOMIOHeHT dim A; rpaZynpoBaHHOM anrebpsl A = @120 A;. Kakue 4uc-
JIOBBIE TTOCJIEOBATENBHOCTA TaK PeajusyloTcsa? DTOT BOMpoc Haubosee
VHTEPECeH /s KOHEYHO MOPOXKAEHHBIX aarebp, KOTOphIE MOPOXKIAIOT-
cs JJIeMeHTaMU TIepBOi cremeHu. Takue anreGphl SBAAIOTCA GaKTopas-
rebpamu K[x, ..., x,,]/I aare6pbl MHOTOWIEHOB CO CTaHAAPTHOU Ipajy-
HpoBKoH. HecsoxxHO mokasaTh, 4To HJeasn I MOXXHO 3aMeHUTh Ha uzeal,
IIOPOXKAEHHBIN OZHOWIEHAMHU, TaK, YTO I10C/Ie0BaTeJbHOCTh pa3MepHO-
CcTell KOMIIOHEHT He M3MeHMTCA. TpyJHas yacTb TeopeMbl Makones —
3TO 060CHOBaHME MePEX0/ia OT MPOU3BOILHOTO MOHOMHUAIBLHOTO Heaa K
JIEKCCEerMEHTHOMY UZIeasy, T. €. UAeay, ABIAILUeMyCs JUHEeHHOH 060104-
KOI KOHEYHBIX OTPE3KOB IOCJIEJ0BATENIbHOCTEH OJHOWIEHOB (QUKCHPO-
BaHHBIX CTEIIEHEH B JIeKCUKOrpadriecKoM Hopsizke. B § 5 MbI JoKka3siBaeM
3TOT pe3ysbrat, cieays pabore [11]. Temeps mpoBepKa peanrayeMOCTH
JlaHHOM 4MCJIOBOM MOCeZ0BaTeNbHOCTU CBOAUTCSA K IIPOBEPKE TOTO, YTO
JMuHelHasA 0600YKa HEKOTOPOro Habopa OHOWIEHOB eCcTh nzeast. Takoi
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KpuTepuil yxe saBisgeTcs 3GpGeKTUBHO IPOBEPSIEMBIM, OZHAKO MBI JOTION-
HUTEJBHO NIepedOpMyIMpyeM €ro B TepMUHAX SIBHBIX GOPMYIIL.

B pab6ore II. Makmiomnena [15] B cBg3u ¢ mpobieMoii XxapakTepusa-
LIUU g-BEKTOPOB CUMIUIMIIMAIBHBIX MHOTOI'DaHHUKOB BO3HUKIIN YHCIOBBIE
HEPAaBEHCTBA, CBA3AHHBIE C PA3JIOKEHUAMMU HATypaJbHBIX YKCET B CyMMBI
OUMHOMUANBHBIX K03buImeHToB. 3TO M03BOMWIO0 P. CTEH/IN BKIIOYUTH
B TeopeMy Makoiies ellje 0ZHO S3KBHUBaJ€HTHOE yCI0BYE — YHUCIOBOE Hepa-
BEHCTBO Ha CJIeJyIOIINI WieH I0c/Ie0BaTeIbHOCTH, OIpeeiieMoe IIpe/ibl-
AyIIUM WIEHOM. B TepMuHax 3Toro yciaosua M. I'puH nomyduia MHAYKTUB-
HOe JI0Ka3aTesJbCTBO TPYAHON 4YacTH TeopeMbl Makoses, B KOTOPOM HC-
MoJb3yeTcsl mepexof oT anre6pst A k akropanrebpe A/ (a), rae a — ane-
MEHT OOIIETO MTOJIOXKEeHUsI KOMIIOHEHTHI A;. Pe3ynbrathl prHa npuBese-
HBI B § 6. O IpuIoKeHUAX TeopeMbl Makoses B TeOPHUU BBIITYKJIBIX MHOT'O-
TPaHHUKOB Y TOIIOJIOTUY MOKHO IIPOYUTATh B IVI. 1 KHUTH [2].

B mocnegnux maparpadax obcy:xzaroTcs mnoganre6pbel MHBAPUAHTOB
JIMHEMHBIX TPYIII B arebpe MHOTOWIEHOB. XOPOIIO U3BECTHO, 4TO anrebpa
MHBapUaHTOB KOHEYHOM I'PyMIIbl KOHEYHO MTOpokAeHa. Mbl IpUBOAYUM TpU
J0Ka3aTeJbCTBa 3TOU TeopeMbl. OZHO U3 HUX, IpUHaIexaiee O. Hétep,
IIOKa3bIBaeT, UTO €C/IM OCHOBHOE II0JIe UMEET HYJIEBYIO XapaKTePUCTUKY,
TO anre6pa MHBAPUAHTOB IOPOXKAAETCS MHOTOWIEHAMU, CTEIIeHH KOTO-
PBIX He IIPEBOCXOZAT MOPSAAKA IPYIIIEL. DTO MO3BOJSAET AJI TPy HeOOIb-
IIUX TOPSAKOB IBHO HAaXOAUTh 0Opasyrourue anrebpsl MHBapHaHTOB. [1a-
parpad 8 nocssiuen popmyse A5 psaga [lyankape anre6pbl UHBApUAHTOB
KOHEYHOU I'pYIIIIBI, KoTopas O6bu1a HaiizeHa ®. O. MonuabIM B 1897 1. [lamb-
Helilvie cBefieHUs O psifax [lyaHkape anreb6p MHBapUAHTOB JIMHEMHBIX
TPYIII MOXXKHO HaWTH B pabortax [4, § 3] u [7].

[lycts G — 6eckoHewHas noarpymnmna rpynmnsl GL, (K). BepHo s, uTo
anre6pa uHBapuaHToB K[xy, ..., X,]¢ KOHeuHo mopoxzieHa? DTOT BOIPOC
v3BecTeH Kak 14-1 mpobiema ['wibbepra. VicTopus 3Toi npobieMbl BeCh-
Ma apamaTuyHa'. Ha BTopom Mes/yHapoJIHOM KOHIpecce MaTeMaTHKOB,
npoxozuBIIeM B aBrycte 1900 roza B [Tapwke, [JI. I'wib6epT mocTaBUI He-
CKOJIBKO TIPO0JIEM, pellleHre KOTOPHIX, TI0 €0 MHEHHIO, IOJDKHO OBbLTO OIIpe-
JIeIUTh OCHOBHBIE HAlpaB/ICHUA pa3BUTHA MaTeMaTHUKU XX Beka. B camoMm
nokiaze I'mnpbept npeanoxuwi 10 nmpobieM, U MHTEpecyloLias Hac Mpo-
61ema tam He ¢urypuposana. OZHAKO B OIyOINKOBAHHOM TEKCTE JJOKJIa-
zia mpobsieM 6bUTO yKe 23, U mpobseMa 0 KOHEYHOM MOPOXKIEHHOCTU ajl-
reOpsl MTHBAapHAHTOB MMesia HoMep 14. Ha camoM /iesie Ipy ITOCTAHOBKe

! IpuBenenHsbIe 31eCh CBe/IeHNsA 3aMMCTBOBAHBI M3 KOMMeHTapues B. JI. [Tomosa B KHUTe
[5]. Tam ke zaH 0630p M3BECTHBIX B HAcTodAlllee BpeMsA Pe3yJIbTATOB, CBA3AHHBIX C 14-i
po6eMoi.



6 BBegenue

aTOM mpobiemsl I'pbepT ccbutaeTcs Ha paboty JI. Maypepa 1899 r., B Ko-
TOPOI KOHeYHas MOPOXKAEHHOCTD ajarebphl MHBAPUAHTOB ObLIa oKa3aHa
[utst mro6oit moarpymnel G € GL, (K), u cTaBuT 60see 061l BOIPOC.

o [Tyctb K C K(x3, ..., X,,) — HEKOTOpOE IIO/IIONE M0/ palliOHAIbHBIX
byHKIUH, cogepxamiee nore K. BepHo s, uro anrebpa K[x;, ..., x,] N K
ABJIAETCA KOHEYHO TTOPOXKAEHHOMH? !

OnHaxko, KaKk BCKOpPe BBIACHIIOCH, paboTa Maypepa cozepraiia OLUIIOKY,
U C Tex nop 14-a mpobsiema ['mibbepTa paccMaTpuBaeTcsi IMEHHO Kak Ipo-
61eMa 0 KOHEYHO TIOPOXKAEHHOCTH aIreb6phl MTHBApUAHTOB. B 1IepBoii moso-
BrHe XX B. 6BUIO IIOJIyYEHO HECKOIBKO TIOJIOXKUTENBHBIX PE3Y/IbTaTOB B 3TOM
HampasieHnu. OgHako B 1958 r. Ha KoHrpecce B Daunbypre M. Harata —
BeCcbMa HEO)XMJaHHO — IIPUBEJ TPUMep T'PYIIIEL, AJIA KOTOpOH airebpa
MHBApHaHTOB He JIOMyCKAeT KOHEYHOTO YU/ MOpPOXKJAmuX, cM. [17]
u [18]. Hegasro P. CreiiHb6epry yAamoch MOAUGUIIMPOBATE KOHTPIIPUMEP
Harathl u 3aMeHUTh B JOKA3aTeJbCTBE TOHKHE COOOPaKEHUA U3 anre6-
pauyeckoii reoMeTpUU IUIOCKUX KPUBBIX BIIOJIHE dleMeHTapHBIMU apry-
MeHTaMmu; cM. [21]. OTu aprymeHTH MBI IpuBoAUM B § 9. B HacTosmee
BpeMs 14-10 mpobieMy ecTecTBEHHO GOpMYyIHMPOBATh TaK: OXapaKTEPH-
3oBath Te moarpynmbl G C GL,(K), A/ KOTOpHIX ajrebpa MHBapHUAaHTOB
K[xy, ..., x,]¢ KoHe4HO mopoxzeHa. B Takoii GopMyaMpoBKe mpobiema
ellle O4YeHb Jlajieka OT OKOHYATEeJIbHOI'O pelleHu .

Hamr TekcT BrIIOYaeT MHOI'O 3aJaHUM [ CaMOCTOATENbHOI'O pellle-
HuA. OHU pasZie/ieHbl Ha YIPaXXHEHUA U 3a/la4i. YIIPOXHEHUA — 3TO WIN
COBCEM IIPOCTHIE YTBEPXJEeHWA, WIU PyTUHHbIE IIPOBEPKU. UUTaTeb Jer-
KO CIIPaBUTCS C HUMU CAMOCTOATENIBHO. B CBOIO 04Yepe/ib, Bce 3aauu CHAb-
JKEHBI PEIIEHUSMY WM TOAPOOHBIMY YKa3aHUAMMU.

s janbHeero n3ydeHus npeaMeTa X04eTcss peKOMeHI0BaTh pabo-
1ol P. Crerymu [19] u [20]. IloMHIO CBOe BrieYaT/ieHWEe OT IIPOYTEHUS STUX
PaboT: BOT KaKUM JODKEH OBITh MaTeMaTUYecKui TeKeT! YacThb U3/I0KeH-
HOT'O HW)Ke MaTepuasia 3auMCTBOBaHa OTTyAa.

OCHOBO# i TTOCOOUSA TOCAY)XIIN MaTepuajabl KypCOB, IPOYUTAH-
HbIX Ha IV u VII seTHux mkonax «CoBpeMeHHasA MaTeMaTuKa». OTHU IIKO-
JIbI TIPOBOZATCA €XEr0JHO B HIOJIE B ZIOME OTAbIXa «PaTMMHO» HeJaleKo
ot ropoza [ly6Ha. Taxke M3araeMele TeMbl OOCYKZalIUCh HA COBMECT-
HOM c /I. A. TUMalIéBbIM criericeMuHape «AarebpandecKue TPYIIIBI U T€O-
Py MHBAapUAHTOB» Ha MeXaHUKO-MaTeMaTtnudeckoM daxynbsrere MI'Y nm.
M. B. JlIomoHOCOBa U Ha crenkypce B HezaBuCMMOM MOCKOBCKOM YHUBEp-

1 BOHpOC 0 KOHEYHOH TIOPOXXAEHHOCTU aﬂreﬁpm VHBAapHUaHTOB ABJAETCA YaCTHBIM CIy4a-
€M 3TOT'0 BOIIpOCa: AOCTAaTOYHO PACCMOTPETL B KQUE€CTBE MMOAIIONA K nozanosne paniOHaJIbHbIX
(byHKI.[PIfI, VHBAapUaHTHBIX OTHOCUTE/IIbHO ﬂeﬁCTBHH TpyIIIbL.
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cuteTe. §I GaroZlapeH CIyIaTeNAM 3TUX KypCOB M CEMHUHAPOB 3a IIeHHbIE
3aMevyaHWA U OPUTMHaJIbHEIE pellleHud pAja 3ajad.

Xouy mobarogaputh pelieH3eHTOB ocobus npodeccopos D. B. Buubep-
ra u T.E.TlaHoBa, a Takxe II. B. Bubukosa, A.10.Ilepeneuko u H. A. ITe-
4YE€HKMHA, IPOUYUTABIINX IIpeJBApUTEIbHYIO BEPCHUIO TeKCTa U CAeIaBIINX
PAZ IeHHBIX 3aMeYaHui ¥ UCIIPaBIeHUN.



§ 1. OCHOBHbBIE MOHATHA U IPUMEPbI

HanomuuwM, yto anzebpoil Haz moneMm K HasbBaeTcs K-BeKTOpHOe
MIPOCTPAHCTBO A C 3a/laHHOM Ha HEM OGMHApPHON omepalyell (YMHOXKEeHU-
eMm) Ax A— A, (a, b) — ab, yA0OBIETBOPSIOIIEH CIEAYIOUINM TPEOOBAHUIM:

1) a(b+c)=ab+ac, (b+c)a=ba+ ca gna mobIX a, b, c EA;

2) (Aa)b=a(Ab) = A(ab) ana mobeix A€K, a, b€ A.

Bcrozy manee MblI OyzeM ZONOTHUTENBHO IPEAIIONAaraTh, YTO

3) B A uMeeTcsi eduHuud, T. €. Takou aneMeHT 1#0, yto la=al=a
JLISL JTFOOOTO a € A;

4) anrebpa A accoyuamueHa, T.e. (ab)c=a(bc) ans mob6bIX a, b, c € A.

3aMeTuM, YTO HaJIMYHE €JMHULIBI I03BOJISIET CYUTATD Tosie K KaHOHU-
YECKU BJIOKEHHBIM B aire6py A mo ¢dopmyse A — Al (IIpoBepbTe, YTO 3TO
BJIOXKEHUE).

VYKaxeM HEeCKOJIbKO IIPUMePOB anreop:

1) anrebpa mHorowieHoB K[xy, ..., x,1;

2) anrebpa KBaZpaTHBIX MaTpull Mat,,,, (K);

3) anre6pa C[0, 1] HeNpePHIBHBIX BEIECTBEHHO3HAYHBIX GYHKIMH Ha
otpeske [0, 1] ¢ IOTOYeYHBIM YMHOKEHHEM Ha CKJIAD, CIOKEHNEM U YMHO-
*KeHueM GyHKIMH. B aToM mpumepe K =R.

g aByx nozmnpocTtpaHcTs U, V C A onpesieiuM Ux nmpousseseHue UV
KaK JUHEHHYI0 060M0YKy 3/IeMeHTOB Buza ab, rae a€ U u b € V. Anaino-
TUYHO OTIpeZiesisieTcst MPOu3BeAeH e J060ro KOHEYHOTO Habopa MOZIIpo-
CTPaHCTB.

Omnpegenenue 1. Ipadyuposkoii Ha anrebpe A Ha3BIBAeTCs TAaKOE pas-
JIOXKeHUE A B IPSIMYIO CYMMY IIOATIPOCTPAHCTB

A= P a,

S€Z3g

4qTo

A A, C A 4, A TIOOBIX $1, 5, = 0.

I'padyuposarnas aneebpa — 3To anredbpa ¢ GUKCHPOBAHHON I'PaLyHUPOB-
Koi. I'pagynrpoBKy 6yzeM HasbIBaTh MPUBUAILHOLU, €CTi Ag = A U, 3HAYUT,
A, =0 mpu s > 0. TpuBHaIbHas TPaZyNpPOBKA UMeETCs Ha JIT000i anrebpe.

[ToanpocTpaHcTBa A; HasbBaloTCA (OJHOPOAHBIMHU) KOMMNOHEHMAMU
rpaZiyipOBaHHON anre6pel A. DIEMEHT a Ha3bIBAIOT 00HOPOOHbIM, ECIIH
a € A; pyiss HekoToporo s 2 0. B aToM ciry4ae roBopsAT, YTO 3/IEMEHT d UMeeT
CTENEHb S, U UCIONb3YIOT 060o3HaueHue dega =s. CremneHpb aneMeHTa 0
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He OIllpeZieieHa, ¥ MOXXHO CYUTATh, YTO OHA MPUHUMAET BCE BO3MOXKHBIE
3HAYEHUS.

[1pou3BOLHBII 37IEMEHT d € A € IMHCTBEHHBIM 06pa30M 3aMKChIBAETCS
B BU/Je CYMMBl d =4 + ...+ a; OZHOPOJHBIX EMEHTOB, KOTOPbIE MBI
OyZieM Ha3bIBaTh (OAHOPOAHBIMU) KOMNOHEHMAMU ITOTO AMEMEHTA.

3azaya 1. JloKa’kuTe, YTO €IUHUITA — ITO OAHOPOJHBINA SJIEMEHT CTe-
TTeHU HYJIb.

[IpyBeseM prUMepHI TPaAyHUPOBOK Ha aarebpe MHOTOWIEHOB:

1) A=K[x],degx=1, K[x]=K® (x)® (x}) ® (x>) @ ...;

2) 6onee obimm ob6pazom, A=K[x, ..., x,] & degxil...xf; =i1+...+i,;

3) A=K[xy, ..., x,] u degx]...xn =2i.

OTu TIpUMepbl MOXKHO 060OIUTE, PACCMOTPEB TPaZyUPOBKY ajire6pbi
A =KI[x, ..., x,], onpeaeneHHyto yciaoBuamu degx; = d;. Llearle HeoT-
puLaTesNbHble YKciaa d; Ha3BIBAIOT gecamu IepeMeHHBIX. HazoBeM Takue
TpaZilyupOBKU Ha aare6pe MHOTOWIEHOB 8eco8bimul. JIJi BECOBOM I'pasyH-
posku deg x|’ ...xri; =iyd,+...+1i,d,. B yacTHOCTH, BO BTOPOM IIpUMEpE
di=...=d,=1,aBT1perbeMm d; =2udy=...=d,=0.

Yupaxknenue 1. [IpuBezauTe npumep rpagyupoBku Ha K[x], A1 Ko-
TOPOM X He SBJISETCS OJHOPOJHBIM 3JIEMEHTOM.

3agaua 2. Jlokaxwure, uyto anrebps a) Mat,,,(K); 6) C[0, 1] zomyc-
KalOT TOJbKO TPUBUAIbHYIO TPaZyUPOBKY.

Bciogy Aasee MBI CUUTaEM anrebpy A KOMMYMmMAamueHoll, T. €. TIPeAIIo-
Jlaraem, 4to ab =ba ana mo6wIX a, b € A.

Ompeaenenue 2. 1. DleMeHT a € A Ha3bBIBAETCSI 00PAMUMbBIM, €CITU
HalgeTcs Takoi anemeHT b € A, uto ab=1.

2. DJIeMeHT a € A Ha3bIBaeTCA deiumesiem Hys, eClu a # 0 v HakgeTcs
Taxoi aseMeHT b€ A, b #0, uto ab=0.

3. DjIeMeHT a € A Ha3bIBaeTCA HUNLNOMEHMHbIM, eclau a 7 0 U HaljeT-
ca Takoe n €N, uro a" =0.

Yopaxuenue 2. JlokaxuTe, YTO B KOHEYHOMEPHOU I'paZypOBaHHOMN
anrebpe OZHOPOJHEIN EMEHT HOIOXKUTENBHON CTENIeHU SBIAETCA HUIb-
MTOTEHTHBIM.

Omnpegenenue 3. [loampocTpaHcTBo U rpafyrpoBaHHOM anrebps A
Ha3bIBaeTCs 00HOPOOHBIM, ECITU
U= wna,).
s=0
Ynpaxuenwue 3. IIpoBepbTe, 4TO MOANPOCTPaHCTBO U 0AHOPOAHO TO-
r7la ¥ TOJIBbKO TOTJa, Korja Aad kaxzaoro u € U Bce ero KOMIIOHEHTHI JIeXXaT
BU.
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HamomHuuM, 4To nodaneebpoii anrebpbl A Ha3bIBAETCS MOAIIPOCTPaH-
CTBO B, KOoTOpOe camMo sBJsieTCs anrebpoii OTHOCUTENBHO TOM JKe omepa-
MY YMHOXKeHUs. MBI TIpeATonaraeM, 4To nogaire6pa CoAepyKUT eUHUILY.

[Momanrebpa B rpasyrupoBaHHOM airebpbl A Ha3bIBAE€TCA 00HOPOOHOLL,
€CJIN OHA SIBJISAETCS OZHOPOZAHBIM MOAIIPOCTPAHCTBOM B A. 3aMeTHM, YTO
OHOpOZHAsA noganrebpa B saBisgeTcsa rpafynpoBaHHOM anre6po ¢ OZHO-
POZHBIMU KOMIIOHEHTaMu B, =B N A,.

JlJ1s1 u3ydeHus rpaZlyupOBaHHBIX anreOp BayKHO yMeTh 3GQGEeKTUBHO 3a-
JlaBaTb Takue aiarebphl, a TakKe KOHCTPYHMPOBATb HOBbIE TPaAyMpOBaH-
Hble anreOpel U3 yxke UMeronyxcs. [IoMUMo mepexoza K OZHOPOAHOM I0-
pJanre6bpe HaM OyZieT Iojie3Ha KOHCTPYKLUA TPaZyHpOBKU Ha daKTopasl-
rebpe.

Hamomuum, 9To udean anre6pbl A — 3TO TaKoe MoAIpPocTpaHcTBo I C A,
yro al €1 pna moboro a € A. OTmeTuM, 4To uzaean I # A He ABIAeTCA
mozanreO6poil B A, Tak Kak He coepXuT eawnwuiy. Ha muHoxectBe A/l
CMEKHBIX KJIACCOB IO MOAIPOCTPAHCTBY I GOpMyJIEL

(@a+D+B+D =a+b+I, Ala+D=2ra+I, (a+DObB+I) =ab+I

KOPPEKTHO OIPeAEIAI0T ONlepalliy CJIOKEHNs, YMHOXKEHHUA Ha CKaJIAP U YM-
HOXeHus. [TormydeHHas TakuM ob6pa3zoM anrebpa Ha3bIBaeTCs HaKkmopan-
2ebpotl anrebpsl A mo uzgeany I. [IpeAmnonoxum, uto uaean I aBjseTcs of-
HOPOJHBIM MOATPOCTPAHCTBOM I'paZlyupoBaHHOM anrebper A. Torma A/l
€CTb IpsiMast CyMMa MOANPOCTPaHCTB A, + 1, mpudem (A +I)(A, +1) €
C A, 45, T1. Tem cambIM, )11 OAHOPOAHOTO Hzeasa [ dbakTopanrebpa A/l
“MeeT KAaHOHUYECKYIO TPafyupOBKY.
C KaXXZpIM ITOoAMHOXKecTBOM F C A MOXKHO CBsI3aTh Hjean

I={nfi+..+nfi:keN, €A, feF}.

DTOT uZiea7 Ha3bIBAETCA W/EATIOM, NOPONCOeHHbIM TIOAMHOXECTBOM F,
u obosHauaetcst (F). JIerko mpoBepuTh, uTo (F) ABIAETCS HAaUMEHBIIUM
nzeanoM B A, cogepxkamum F. Eciu anrebpa A rpagyrupoBaHa U Bce 3je-
MEeHTHI TIOAMHOXecTBa F OZHOPOZAHBI, TO uzean (F) Takke OZHOPOJEH.
O6paTHO, B OJHOPOAHOM H7ease MOXHO BHIOpAaTh OJHOPOAHBIE MOPOXK-
Jarolye.

IIpumep 1. Ilycth
A =K[x;, x,]/(x3, x1x5), degx; = degx, = 1.

Torza
A=K®® (xq, x,) ® (xg) ® (xg)...,

dim A; =2, a mpoyne KOMIIOHEHTE! OJHOMEPHEL.
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Yupaxkauenue 4. Mo:KHO 1 IpaZlydpOBaHHyI0 anrebpy u3 npumepa 1
peasn30BaTh B KaYeCTBE OZHOPOAHOM Mojanrebpsl HEKOTOPOH rpafyupo-
BaHHOM ayirebpbl MHOTOYWIEHOB?

3agauga 3. [IpuBezanTe IpUMep I'PaZyUpPOBaHHOM anre6psl, B KOTOPOH
€CTh HEOJHOPOAHBIN 06PATUMBIH 3JIEMEHT.

HamoMHuM, 4TO 2omomopdusm u3 anre6psl A B anrebpy A’ — 310 Ta-
KOe JMHelHoe oToGpakeHue ¢ : A— A’ uro p(ab) = ¢ (a)¢(b) ansa mo-
6bix a,be A u ¢(1)=1', rge 1 (cooTBeTcTBEHHO 1') — 3TO €AMHMYHBIN
anmeMeHT anreGpbl A (cooTBeTCTBEHHO A’). JIETKO MPOBEPUTH, YTO SAAPO
romomopousma Ker ¢ saBisgeTcs ugeanom anreopsr A.

[MogmHOXKeCcTBO S € A Ha3bIBA€TCS CUCTEMOI nopoxcdarouyux (Wim 06-
pasyrowux) anrebpsl A, ecii KaKAbIM 21eMeHT anrebpsl A BhIpa)kaeTcs
KaK MHOTOWIEH OT KOHEYHOTO YHCJIa 3/IEMEHTOB MHOXecTBa S. [TocieHee
yCJIOBHE PAaBHOCWIBHO TOMY YTO A COBIIQZaeT ¢ HaUMeEHbIIel noganre6-
poit K[S] B A, comepkaiieit S. Airebpa A Ha3bIBae€TCs KOHEUHO NOPOJC-
OeHHOll, eCTV CUCTEMY TIOPOXKJAIOIINX MOXKHO BBIOPATh KOHEYHOA.

Yupaxkaenue 5. JJokaxkure, uTo GpakTopasrebpa KOHEIHO TTOPOXKIEH-
HOM anre6phbl KOHEYHO MOPOXKAEHA.

Anrebpa mHorowieHoB K[xj, ..., x,] obragaeT cieayomyuM YHUBEp-
CaJIbHBIM CBOMCTBOM: JIJIT KAXKAOU anrebpel A v KaxA0ro Habopa ee aje-
MEeHTOB dj, ..., d,, CYIIeCTByeT eJUHCTBEHHBIH roMoMopduaM ¢ : K[xq, ...
«ess X1 = A, piist koTOporo ¢ (x;) =a;. O6pazom MHorowreHa f (X, ..., X,,)
IIpU 3TOM TroMOMOpdu3Me ABjsgeTcs a7neMeHT f(ay, ..., d,). B 9acTHOCTH,
anrebpa A MOXeT OBITh TIOPOXAEHA N 3J1eMEeHTaMU TOTAA M TONbKO TO-
r71a, KOr/la UMeeTCs CIOPBbeKTUBHEIN romoMopousm ¢ : Klxy, ..., x,] — A.
CornacHo TeopeMme 'mibbepTa o 6asuce (cm. [3, r1. 9, § 4, Teopema 2]),
KaKabIi ugean B anrebpe K[x;, ..., X,,] MOXeT ObITb TOPOXK/EH KOHEYHBIM
MHOKecTBOM. CileZIoBaTeIbHO, KaXXAasa n-IopoXxKAeHHas anrebpa A MOXXeT
OBITH IIpeZiCTaBIeHA B BUZE

KIx1, ooy X1/ (f1y ooes fr)s
tae fi, .- fm EKIXY, ooy X1

Eciu anrebpa rpasgynpoBaHa, TO 06pasyroliye MOXHO CYUTATh OJHO-
POZHBIMH. B camMoM zejie, IPOU3BOIBHYIO CUCTEMY OOPa3yIOIIUX MOXKHO
3aMEHUTD Ha HabOp UX OZHOPOAHBEIX KOMITOHEHT.

Omnpegenenue 4. KoHeYyHO MOpOXAeHHAs rpaZydupoBaHHas anrebpa
A=, A HasbIBaeTCcA cmandapmroil, ecu Ay =K u anre6pa A mopox-
JilaeTcsl KOMIIOHEHTOH A;.

Yupaxuenue 6. 1. Jlokaxure, uTo ecii A= (P, ,A; — KOHEYHO TI0-
pOXZeHHas rpasyupoBaHHas anrebpa u Ay =K, To dim A < c a1 mr060-
ro s.
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2. IlpuBeguTe IpUMep I'paZypOBaHHON anre6psl A, KOTopas He KO-
HEYHO ITOPOXK/eHa U AJis KoTopoii dim A, < o 11 1I060To .

3. flokakuTe, 4To ecnu Ay =K, To ycnoue dim A, < o z14 1060T0 $
PaBHOCHJIBHO TOMY, 4TO B anrebpe A MOXXHO BBIOpaTh CUCTEMY IIOPOXK/A-
IOIINX, COAEPKALTYI0 KOHEYHOEe YUCJIO JMEMEHTOB KaXXJOU CTeleHu.

BI)I6OP CHUCTEMBI IIOPOXKAAKINNX HEOAHO3HAYEH. OZ[HaKO I'pagyrnpOBKa
HaKJIagbIBA€ET HEKOTOPHBIE OI'PAHUYEHUSA Ha TaKoM BbI60p.

YnpaxueHnue 7. I[IpoBepbTe, 4TO JIEMEHTHL —X3, —X; + xg + 2x9X3,
Xy — 2x§ mopoxkzaaioT anrebpy Klx;, xq, x3].

3azjaya 4. a) Iycte A =D, A; — KOHEYHO NOPOXKEHHASA TPalyH-
poBaHHasa anrebpa u Ay =K. HazoBeM OZHOPOZHYIO CHCTeMy 00pasyo-
IMUX MUHUMAIbHOU, €CII HUKaKoe COOCTBEHHOEe NOAMHOXKECTBO 3TOH CHU-
CTeMBI He SBJIAETCSA CUCTeMOM obpasyromux. JJoKaXuTe, YTO YHCIIO dJIe-
MEHTOB B MUHMMAQJIbHOH CHCTeMe He 3aBHUCHUT OT BEIOOPa MUHHMAaJbHOM
CUCTEMBI.

6) [Mokaxxure, yTo 6e3 orpaHudyeHus A, =K yTBep:kJeHUe IpeAbIaY-
mlero MyHKTa HeBEpPHO.

3agaua 5. JlokaxuTe, uTo Kaxkzgasn noganrebpa B aarebpe K[x] koHeu-
HO TIOPOXK/IEHA.

[IpuBezeM ABa pUMepa He KOHEYHO MOPOXKAEHHBIX [oAanre6p B a-
rebpe K[x, y]. B o6oux npumepax mnogairedpa A MOpoXAaeTcs OqHOUwIe-
HaMHU, II03TOMY SIBJISETCS OOHOPOAHOM st TH060M BECOBOM IpaZlyMpPOBKU
anrebpst K[x, y]1.

A=K[x,xy,xy% xy3, ...]

Puc. 1

A=K[x'y/:i>v2j]

Puc. 2
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3azaua 6. ,Z[OKa}KI/ITe, YTO 3THU ABE r[oaam“e6pbl HE ABJIAIOTCA KOHEYHO
TIOPOXAEHHBIMU.

[Topanre6pa anre6pel MHOIOWIEHOB HA3BIBAETCA MOHOMUAILHOLL, €CITH
OHa MOJET OBITh OPOXK/EHA OFHOWIEHAMH.

Ynpaxnenue 8. JJokaXuTe, YTO MOHOMHaIbHAA Hozganrebpa ABIAET-
s IMHEHOH 000I09K0H HEKOTOPOT'O MHOXKECTBA OJHOWIEHOB.

Yupaxnenue 9. Jlokaxure, 4yTo nogaarebpa anare6psl MHOTOWIEHOB
MOHOMHAJIbHA TOTZA U TOJIbKO TOT/A, KOT/la OHAa OJHOPOAHA OTHOCUTEIHLHO
J1000#1 BeCOBOH T'PaZlypOBKH.

Bruto OBl MHTEPECHO HAWTH I'eOMETPUYECKOEe ONMKCaHHe He KOHEYHO
MOPOX/eHHBIX MOHOMUAJBHBIX noAanre6p B K[x, y].

MB!I 3aBepIIyM 3TOT aparpad HeCKOIBKUMU [T0JIe3HBIMHY OIIpe/ie/IeHH-
AMH U 3a/ja9aMUu.

3agaua 7. Ilyctb A= (D,. A, — KOHEYHO NOPOXK/EHHAA IPafyupo-
BaHHas anrebpa u Ay =K. Onpezenum m-paspexcerue anrebpel A Kak ofi-
HOPOZHYIO IIoganre6py

A™ =P Ay

k>0

Baezem Ha anre6pe A™ HoByro rpagyHpoBKky, cantas, uro A = A, Jlo-
Ka)XKUTe, YTO YKCII0 M MOXKHO IToA06paTh Tak, uto AM™ GyzeT cTaHAapTHOM
anre6poii.

Mpumep 2. Ilycts A=K[x, y], degx =2, degy =3. Torga AiZ) ={(x),
Ho y2 € AP, TTostomy anre6pa A® me crazapTHa. C Zpyroi CTOPOHEL,
A§6) =(x% y?), u ecm x'y’ € A®, To m160 i > 3, Mmbo j = 2. Orcioza
C TIOMOIIbIO MHAYKIIUY 3aKI04YaeM, YTO x! yj = (x3) (yz)j1 , Y, 3HAUYUT, ajl-
re6pa A® crampapraa.

OmnpegeneHue 5. DleMeHTH dy, ..., d, AITeOpbl A Ha3BIBAIOTCS aAsl2ed-
pauuecku Hezasucumbimu, ecnu F(aq, ..., a,) # 0 a1 mo60ro HEHy/IEBOTO

MHorowieHa F oT n mepeMeHHbIX. Alirebpa A Ha3bIBaeTcs c80000HOIL, eCTTU
OHa MOpOXKJAeTCsA aNrebpanvyecKy He3aBUCUMbIMU JIEMEHTAMU.

CBo6oziHbIE alre6phl — 3TO B TOYHOCTH ajire6phl, u30MOpHBIE anre6-
paM MHOTOWIEHOB.

3aza4ya 8. Ilycte A= 6990 A, — cBObOOAHA rpasyrpoBaHHas anre6-
pa, Ana Kotopoil Ay =K. JlokaxuTe, 4TO anreOpandecKu He3aBUCHMEIE
obpasyromire MOXXHO BEIOPATh OZHOPOZHBIMH.

[Tyctb A — mpou3BosbHas anrebpa 6e3 genutesneil Hyns. Ham noHa-

,Z[O6I/ITC$I KOHCTPYKI VA NOJMA UACMHbLX QA. PaCCMOTpI/IM MHOXECTBO IIap
3JIEMEHTOB U3 A, BTOpOﬁ JJIEMEHT KOTOPBIX OTINYEH OT HYJIA. Ham 6y,qu



14 §1. OcHOBHBIE TIOHATHUA U IPUMEPHI

a
yA06GHO 3aIMCHIBATD MapHl KaK Jpo6u 3+ DIeMeHTaMi MHOXeCTBa QA 6y-

a C
AYT KjIaCChl 9KBUBAJIEHTHOCTH I1ap, e E ~ E Torga " TOJIbKO Torga, Korga

ad = bc. Tlo aHanoruu c PallMOHAJIbHBIMHU 4YMCJIaMU Ha KjaCCaX BBOAATCA
orepanuu CJIO0OXKXEHHWA, BbIYMTAHNWA, YMHOXEHUA U ACJIE€EHNUA Ha HeHYHeBOﬁ

KJIacC, ¥ MHOXKeCTBO QA cTaHOBHUTCA mosieM. Airebpy A MOXHO paccMar-
a
1

OmnpepeseHue 6. Anrebpa A 6e3 gennTenell Hy/lId Has3bIBaeTcA Ue-
JI03AMKHYmMOll, eClu A NI00bIX Ay, ..., d, € A, p € QA 13 COOTHOLIEHUA

p"+a;p" ' +...+a,=0 crexayer, uTo p € A.

puBaTh Kak moganre6py B QA, oTo6pa3uB 3JIEMEHT d B

3azauya 9. Jloxaxure, 4to anrebpa MHOrowieHOB K[x, ..., X,] Heno0-
3aMKHYTa.

ITpumep 3. Ilyctb A — moganrebpa B K[x], mopoxaeHHas 31eMeHTa-

b
MU a=x>u b=x3. Torza x = ZE€QA\Am x? =a. 3HauuT, anre6pa A He
SIBJISIETCS 11€J103aMKHYTOM.

Haia 6mmxaiiinas 1eib — HalTH KPUTEPUI 11€J103aMKHYTOCTA MOHO-
MuanbHOM moganrebper A € K[xy, ..., X,]. C K&KIBIM OZHOWIEHOM M =
= x;] x;Z...xf; CBsSDKEM TouKy p(m) = (i, ..., ,) C LeJbIMA HEOTPULIATEIb-
HbBIMU KoopzauHaTamu. Onpegenum P(A) ={p(m): m € A}. Torna P(A) —
MTOJMHOKECTBO B pellleTKe Z", KOTOPO€E COAEPXKUT HY/Ib U BMECTE C JIIOOBI-
MY IBYMSI 3JIEMEHTAMU COEPKUT UX CyMMYy. Takvie TIOMHOXXECTBA HA3bI-
BatoT MoHoudamu. ITycts H(A) — MHOXXeCTBO 2jeMeHTOB u3 P(A), KOTo-
pble HeJb3s Mpe/iICTaBUTh B BHUZIE CyMMHI /IByX HEHYJEeBBbIX 3JIEMEHTOB U3
P(A). MuoxectBo H (A) HaswsiBaeTcs 6asucom I'unbbepma moHouza P(A).
[Mycts G(A) ={m: p(m) € H(A)}.

Yopaxuenue 10. /[lokaxure, uro G(A) MOpPOXJaeT A U Kakzaas CU-
cTeMa TIOPOXKJAIONTUX anrebpel A, COCTOSAINASA U3 OJHOWIEHOB, COAEPKUT
G(A). B yacTtHOCTH, TIofianTre6pa A KOHEUHO TOPOXK/EHA TOT/Ia U TONBKO
Torza, Korzaa 6asuc ['minbepTa KOHEYeH.

C KaXXpIM ITIOAMHOKeCcTBOM H PpEEeTKN Z"" cBsKEM TIOPpOXAEHHBIE UM
IIOJAPELIETKY

L(H) = {z:h;+...+zh: k€N, 2, €Z, h; € H},
MOHOUZ
M(H) = {n;hy+...+nh: k €N, n; € Zs, h; € H}
U KOHYC
K(H) = {q:h;+...+qh: k €N, q; € Qs, h; €H}.
fAcHo, ytro M(H) CL(H)NK(H).
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Omnpeaenenue 7. TTommMHOokecTBOo H C 7" Ha3bIBaeTCS HACHIUEHHBIM,
eciu M(H)=L(H)NK(H).

IIpumep 4. PaccMOTpUM IOAMHOXKECTBO
H={(1,3), (2,2), B D, 2,4, 42} cz:

Jnsa sHero L(H) — 3To pelieTka IeJablX TOYeK C YeTHOW CyMMOM KOOpAU-
Hart, a KoHyc K (H) uzobpaskeH Ha puc. 3.

Puc. 3

Touka (1, 1) nexxurt B L(H) NK(H), Ho B M (H) He monaZiaet, IO3TOMY
MMOAMHOKecTBO H He HacChIIeHHO.

Yopaxkuenwue 11. TIpoBepbTe, UTO MOAMHOXeCTBO H C Z" HaCBIIIEHHO
TOTZIa ¥ TOJIbKO TOTZa, Korza u3 ycosus ka € M (H) a1 HeKOTOpeIX k €N
u a € L(H) cnepyet, uto a € M (H).

Yopaxkuenwue 12. JJokakuTe, YTO /1T MOHOMHUAIBHOM moganreopsr A
cefyrolue YCI0BUA SKBUBAJIEHTHBI:

1) 6asuc I'mibbepta H(A) ABISETCA HACHIEHHBIM TOAMHOXKECTBOM;

2) cymiecTByeT TaKoe HachlllleHHOe MToAMHOXecTBO H, uto H(A) CH C
CP(A);

3) moboe Takoe moaMHOXxecTBO H, uro H(A) C H C P(A), HaCHIIEH-
HO.

3azaya 10. [loxakuTe, YTO MOHOMHUAIbHAA moZiairebpa A 1eao3aMK-
HyTa TOTJ|a U TOITBKO TOrAa, Korzaa P(A) saBisieTcs HACHIIEHHBIM MTOJMHO-
JKeCTBOM B Z".

3azaya 11. Tlepenecure npezplAyline pesyabTaTbl HA MOHOMUAJIbHbIE

nozanre6ps B anre6pe MuorowieHos Jlopana Klx;, x; 7, ..., x,, x 1.

3azaua 12. Ilycts A € K[x, y] — memo3aMKHyTass OAHOPOAHAS OTHO-
CUTEIbHO CTaHAAPTHOM rpaZiypPOBKH MoJanrebpa, comepskaliasi s/1eEMeHT X.
[TpeAnonoKuUM, YyTO 1ojie YacTHBIX QA COBNaZIaeT C IojieM palliOHaTbHbIX
apobeit K(x, y). lokakure, uro nmogairebpa A MOHOMHAIbHA.
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[Mycte A=EP s>0As 1 BCE KOMIIOHEHTHI A; KOHEYHOMEPHEIL. Ompezienum
ps0 ITyankape rpaZynpoBaHHOM anre6pbl A Kak GOpMaIbHBIN PSZ OT Ie-
PeMeHHOH t:

P(A, ) = Z dim A, t*.
s=0
IMpumep 5. Ilyctb A=K[x] u degx=d > 0. Torzga
1
1—¢4"

Iycts A =K[xy, ..., X,,] — anrebpa MHOTOWIEHOB C BECOBOM Ipagyu-
poBkoii degx; =d; > 0. Torga pasmepHocTh dim A, paBHa YUCITY CIOCOO0B
pa3buTh s B CyMMy cJlaraeMeix dy, ..., d, (c moBTOpeHusamu). OTcioza cie-
ZIyeT, 4TO

PAD =A+th+20+ DA +t2+ 2%+ ). . QA+t + 2 +..) =
_ 1
Q- -t (A —th)”
Iycte A = K[xq, x51/(x1x5), degx; = degx, = 1. Torma mpu s = 1
KOMIIOHEHTa A; eCTb JIMHeliHasa 060/0YKa 3IeMEHTOB X; U X;. [loaTomy
dimA,=1udimA, =2 pu s = 1. 3Hauur,

PA O =1+t0+t2 434 =

PIAD = (A+t+2+0+. )+ 240 +.) = T+ 7 = 1.

3azaya 13. IlpuBezguTe mpuMep KOHEUHO INOPOXKAEHHOMN I'paJyHpo-

o o 2
BaHHOM anrebpsl A, 11t KoTopoit P(A, t) = T
3azada 14. IlycTb /711 KOHEUYHO IOPOXKJEHHOM I'paZyupOBaHHON aj-

re6per A 6e3 genureneii Hynsa pag [lyaHkape uMeeT BUZ

1
(1—t1)(1—td2)... (1 —td)’
BepHo sn, uTo A n3omopdHa anrebpe mHorowieHoB K[xy, ..., X,] ¢ Beco-

BOU rpazyupoBkoi degx; =d;?

3azaua 15. IlycTh rpaZyupoBaHHas aarebpa A MopoxzaeHa OJHOPO/-
HBIMU dJIeMeHTaMH dq, ds, ..., d, CTelleHel dq, d,, ..., d, COOTBETCTBEHHO.
JloKakuTe, 9TO a1, dy, ..., d, aNreOpanvdecKy He3aBUCHMBI TOIZIA U TOIBKO

TOT/Ja, KOTJa
1

1—td)(1—td2)...(1—tdh)"

P(A ) = (
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B paccMoTpeHHBIX pUMepax HaM yZaBajoch 3amucarh paj IlyaHka-
pe B BuJle pallMoHaabHON QYHKIUM OT IlepeMeHHol t. OKa3pIBaeTcs, A1
KOHEYHO MTOPOXKAEHHOM anre6psl A Takas 3alUCh BeerAa Bo3MoxkHa. CooT-
BETCTBYIOIIYIO TEOPEMY ECTECTBEHHO GOPMY/IHPOBATD U JOKA3bIBATH B 60-
Jiee NIPOKOM KOHTEKCTe T'paJyUpOBaHHBIX MOZYJIEH.

HamomuuM, 4To M00dysb Haz K-anre6poii A— 3T1o K-BeKTOpHOE Tpo-
cTpa’HcTBO M ¢ 3aZlaHHBIM 6WINHENHBIM OTO6pa>KeHI/IeM AXM-—M,
(a, m) — am, yoOBIETBOPSIOIUM HabOpPy aKCHMOM, aHAJOTUYHBIM aKCHU-
oMaM BEKTOPHOT'O IIPOCTPAHCTBa Ha/J moneM; cM. [3, 1. 9, § 3]. Mogynp
M Ha3bIBaeTCs KOHEUHO NOPOXCOeHHbIM, €CII HAMAYTCA TaKue dJIeMeHTEI
my, ..., m, € M, 4T0 M1060¥ 71EMEHT M € M MOXHO IpPEJCTaBUTh B BU-
Je m=ay;my + ... + a,m,, A1 HEKOTOPHIX dy, ..., d, € A. [ToOm0odynb A-
Mozyasi M — 3To Takoe HoampocTpaHcTBo L € M, uyto al € L ana JIFOOBIX
a €A u l € L. Hampumep, kaxzas anrebpa A ApisgeTcsa A-MOZYJIEM OTHO-
CUTEIbHO €CTECTBEHHOI'O YMHOXEHUA. ITOT MOZY/b ITOPOXJAETCA OJHUM
aJleMeHTOM — eZiuHuLel. IlogMozyu Takoro MOZAYJA — 3TO HAeasbl aj-
re6pel A. 3aMeTUM TaKKe, YTO 1-MOPOXKAEHHBIE A-MOJYJIU — 3TO B TOY-
HocTH daxkTopanreb6psl aare6psr A.

Xopoiuo u3BecTHoe 06061eHre TeopeMbl ['ibbepTa 0 6asuce yTBep-
XKZAeT, YTo eIy aurebpa A KOHEUHO IOPOXKAEHA, TO KOKABIN MOAMOAYIIb
KOHEYHO [TOPOXKAEeHHOT'0 A-MOAY/IA KOHEYHO IIOPOXKJeH; cM. [3, 1. 9, § 4].

[peamonoxum, yto anrebpa A rpagyupoBaHa. Torza epadyuposa-
Hblil A-MOZAYIb — 3TO A-MOZY/Ib M ¢ TaKUM pasjioKeHHeM B IIPSMYIO CyM-
My HOAIPOCTPAHCTB M = @kao M, 9to am € M, AjiA NI0OBIX a € A,
u m € My. Eciu Bce nognpocTpaHcTsa My KOHEYHOMEPHEI, MOXXHO OIIpe-
ZenuThb pag IlyaHkape rpaZzyipoBaHHOTO MOZAY/IA

P(M,t) = Zdika ek,
k=0

Teopema 1 (/. Tunbbept, XK.-I1. Cepp). ITycmb A — epadyuposaHHas
aneebpa, nopoxcoeHHAsE dJleMEeHMaMU dq, ..., d, NOJIOHCUMENbHLIX cmene-
Hell dy, ..., d,, U M — KOHeYHO NOPOHCAeHHbLIl 2pA0YUPOBAHHBLU A-MOJYb.
Toeda Haiidemcsi makol MHozowneH f(t) € Z[t], umo

f@®

11—t (1 —t®2)...(1—th)’

Joxka3aTtenbcTBo. Bynem Bectu uHAyknuio 1o n. Ecmmn =0, o A=K,
M — xoHeuyHOMepHOe BekTOpHOe K-mpoctpaHctBo u P(M,t) sBiseTrca
MHOTOWIEHOM C IIeJIBIMA HEOTPULATeTbHEIMU KoddduimenTamu. I1ycTh
n > 0. Paccmorpum anrebpy B = A/(a,), KoTopas mopoxjeHa obpazaMu
MEMEHTOB dy, ..., d,, U ¢akTopMoaynb N = M /a,;M. Omnpegenum oxHO-
pozHbIN noaMoAynb S Mozayaa M kak S ={m € M: aym = 0}. Torza S

P(M,t) = (
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ABJIAETCA TakkKe B-MozgyneM u ero KOHeYHBI Habop 0Opasyromux Kak
A-Mozyns sBsieTcs U HabopoM 06pasyrolux Haj B. PAacCMOTPUM TOYHYIO
MOC/IEI0BATEBHOCTD JIMHEHHBIX OTOOpaKeHUH BEKTOPHBIX IPOCTPAHCTB:

0 — S = My = Myiq, = Niya, = 0,

IZie BTOpas CTpesiKa — 3TO eCTECTBEHHOE BJIOXKEHUE, TPEThS — YMHOXe-
HUe Ha a; ¥ YeTBePTasi — eCTeCTBeHHas IPOeKIHs Ha GaKTOpMOAyIb. OT-
crozia s moboro k = 0 monyyaem

dim S, — dim M; +dim M4, —dim N4, = 0.
3aMeTHM, 4TO IIpH " < d; BBIIIOJHAETCS PaBeHCTBO M, = N,, Io3TOMY
thP(S,t) —thP(M, ) + P(M,t) —P(N, t) = 0.

3HaAYMUT,
P(N,t) —thP(S,t)
1—th

P(M,t) =

[Tockonbky K B-mozyniaM N 1 S IPUMEHUMO IIPEAIIONIOXKEeHNEe UHAYKLIUY,
MBI TToIy4aeM Tpebyembiit Buz ansa P(M, t). O

3azaua 16. CymiecTByeT Ju IpaZyupoBaHHas airebpa A = @S;O A
6e3 fenuTeneil HyA, A KOTOPOM BCe KOMIIOHEHTHI A, KOHEYHOMEDHHI,
HO pAx IlyaHkape He NIpeACTaBUM B BUZE PALMOHANIBHOU (PYHKIUU OT
IepeMeHHOM t?

3azaga 17. Bepno s, uTo eciau psj [lyankape rpasgyupoBaHHOH aj-
re6pel 6e3 JenuTeneli Hy/isa IPeJCTaBUM B B/ pallOHATbHOU GYHKITUH,
TO 3Ta aarebpa KOHEYHO MOPOXKAeHa?

[peanonoxum, uto aiarebpa A cranzaprtHa. Psg I[lyaHkape Takoi aj-
re6pBI MOXKHO 3aaTh 6ojiee ABHO.

Yopaxnenue 13. [lokaxuTe, 4TO YMCJIO OAHOWICHOB CTEIIEHU S B CTaH-

o (s+n—-1)!
JapTHOI anre6pe MHorowieHoB K[x, ..., X,] paBHO S
Tem cambiM, psf [IyaHKape cTaHAAPTHOMN aare6pbl MHOTOWIEHOB Me-

(s+n—-1)! ¢
€T BU/, Z m—1n ¢
5 sl(n—1)!

Onpezenenue 8. MHorowreH F(x) ¢ panioHaIbHBIMU KO3GOUIIHEeH-
TaMH Ha3bIBAETCSA UeN03HAUHbLM, €CTU JJII HEKOTOPOT'O HAaTypaJbHOTO M
3navyeHue F(s) 1eo A 1060ro HaTypaabHOTO § = M.

3agava 18. [lokaxuTe, 4TO AJIA I[eJIoO3HAYHOro MHorowieHa F (x) 3Ha-
yenue F(s) gBisgeTcd 1jeIbIM JIA JIF060ro 1[eJIoTO S.
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3azauga 19. JlokakuTe, 4TO AJIS LIeJ03HAYHOIO MHOrowieHa F(x) cre-
e d HaWAYTCA LeJbIe Cg, Cq, ..., Cg TAKUE, YTO

F(x) = ch)‘f—l-...%-chi—l-co, rae C, = %x(x—l)...(x—s—l—l).

06paTHo, Ka)KZ[I:IfI MHOT'OWIEH TaKOI'0 BH/JAa LIEJIO3HAYEH.

Teopema 2. /[na cmaxdapmHoll anzebpst A Halldymcsi makoe Hamy-
panvHoe m u maxotl yeno3HauMwiil mHozowreH H(x), umo dim A, = H(s)
ons1 1106020 § = M.

£

Jokxa3atennbcTBo. /13 TeopeMsl 1 cieznyeT, uTo P(A,t) = a—on i)

Hekotoporo f(t) € Z[t]. Torza

P(A, 1) = f(t)( %ﬁ).
=0

s§=
Iycts f(t) =by+bit+ ...+ b,,t™. Torga g m060r0 s = m norydaem

m

. _ (s—i+n—1)!
dimA, = Zbi G-Dln—D!"

i=0

OcTaeTcs OJIOKUTh

HG) =) (nf"l)!(x—i+n—1)(x—i+n—2)...(x—i+1).
i=0

DTOT MHOTOWIEH I[eJI03HAYeH, IMOCKOAbKY IpU § = m 3HadeHue H(s) =
=dim A, — 1jes10e ymcio. O

Omnpegenenue 9. MHorowieH H (x) Ha3bIBaeTcs MHO20WleHOM [Ub-
6epma cTaHZAPTHOM anre6phl A.

t
3azauya 20. Ilyctb P(A,t) = % uf(t)=0-t)g(t), rae g(1) #0.
JlokaxuTe, YTO CTAPIIN WieH MHOTOWIeHA [Wib6epTa paBeH
g(l) n—-r—1
(n—r—1! X

3azauya 21. Hatigute MmHOTOWIeH ['MibbepTa aare6pb
K[xh X9, X3, x4]/(h)7

rae h € K[xy, x5, X3, X4] — OZHOPOAHBI MHOTOWIEH CTeIeHH! d.



§ 3. [IocyieoBaTeIBHOCTU pa3MepPHOCTEN
KOMIIOHEHT

IIycte A= @520 A, — rpagyvpoBaHHas anrebpa, 1y KoTopoi Ay =K
u dim A < o 1715 1106010 S.
PaccMoTpuM NOC/Ie0BaTeIbHOCTh pa3MepPHOCTe KOMIIOHEHT

Kakwue 4ncioBeie mocae0BaTeIbHOCTH MOT'YT TaK BO3HUKaTh? Eciiu He
HaKJIaJbIBaTh Ha airebpy AOTOTHUTENbHBIX OIPaHUYEHUM, 3TOT BOIIPOC
MaJIOMHTepeCceH.

3azada 22. JIoKaXuTe, 4TO JJIA JI000M TOCIe[0BaTEIbHOCTH 1, p1, Pa,
D3, --- LIeJIBIX HEOTpUIaTeIbHBIX YMces HaljeTcsa Takasd I'paJydpoBaHHas
anrebpa A, yto dim A = p, A KaXKAOTO .

Eciu OIrpaHUYUTHCA KOHEYHO IMOPOXKAEHHBIMU aJII‘66paMI/I, BOIIPOC CTa-
HOBUTCA bojiee CoAepKaTeJbHbIM, HO, KaK ITIOKa3bIBae€T CJIEAyrollada 3aja4a,
Ha KOHCTPYKTHUBHOE pEII€HNE PAaCCUYUTHIBATh BCE PABHO HE NIPUXOAUTCA.

3asjaya 23. a) Jlokaxure, 4TO J06ass KOHEYHas [OCIEA0BATEIbHOCTD
1, p1, P2» -+-» P LLEJIBIX HEOTPUIATENIbHBIX YHCET MOXKET BBICTYIIATh B Ka-
JeCcTBe Ha4yaJIbHOT'O OTpPe3Ka I0C/Ie0BaTeIbHOCTH Pa3MePHOCTEN KOMIIO-
HEHT KOHEYHO ITOPOXK/IeHHOM rpaZlyupPOBaHHOM anre6psl.

6) IlpuBeguTe mpUMeEp IOCIELOBATENBHOCTH 1, Pq, Pa, D3, --- LEIBIX
HeOTPHUIaTeIbHBIX YHCEJI, KOTOpas He COBIAZAET C II0CIe[0BATENbHOCTBIO
pasMepHOCTEN KOMIIOHEHT HU AJISI KaKOW KOHEYHO MOPOXKAEHHOM rpaiy-
VMPOBAHHOM ajre6phl.

Huxe MBI 6YZ[eM M3y4aTb 4YHUCJIOBBIE TTOC/IEA0BATEJIbHOCTH, KOTOPBIE
peamn3yroTCaA B KadeCTBE rnmocjiezioBaTebHOCTEH paSMepHOCTeﬁ KOMIIO-
HEHT CTaHZapTHbBIX aJIre6p.

Ynpaxuenue 14. JJokaXuTe, YTO MUHUMAaJIbHOE YUCJIO 0OPA3YIOIIUX
CTaHZAPTHOH anre6prl paBHO p; =dimA;.

OTCIOZ[a AJIA CTaHZ[apTHOfI aJ'II‘e6pI)I A BBITEKaeT HEPaBEHCTBO

(s+n—1)!
S osln=1D)! 2

rae n = p;. OpHako 3TO HeO6XO,Z[I/IM06 yCJI0OBHME Ha IIOC/IEeA0BaATE/IbHOCTDb
paSMepHOCTeﬁ KOMIIOHEHT H€ ABJAETCA JOCTAaTOYHbBIM.
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3aza4da 24. JlokaxxuTe, 4yTO MocaezoBaTeabHocTh {1, 2,2,4,0,0,0, ...}
He sBJIsieTCA [0CIel0BaTeIbHOCThIO pa3sMepHOCTe KOMIIOHEHT CTaHAapT-
HOM anre6phI.

[MepeiizeM K uznoxkeHuto pesynbratoB ®@. C. Makosest; cm. [14] (1927).
ByzeMm paccMaTpuBaTh CTaHAAPTHYIO anrebpy A kak ¢akropanrebpy ai-
re6psl MHOrowieHoB K[x;, ..., X,]1, rae n= p;. [Ipy u3y4yeHuu nocaesoBa-
TEJIbHOCTH Pa3MePHOCTEN KOMIIOHEHT eCTECTBEHHO HaYaTh C HAXOXKAEHMS
yAob6HOro 6asuca anre6psl A Kak BEKTOPHOTO ITPOCTPAHCTBA.

O603HauUUM 4Yepe3 ./ MHOXXECTBO OZHOWIEHOB OT ITEPEMEHHBIX X1, ...

., X, ¢ KoadpdurmeHrom 1.

Onpepenenuie 10. HazoBeM mogMHOXecTBO A C /4 HOPMAIbHBILM,
ecnu A # @ U U3 yCIOBUM my € A, my AEUT M, CIeAYeT, YTO My € N .

Ynpaxuenwue 15. JlJokaxuTe, 4TO MOAMHOXKECTBO A C ./ HOPMaJbHO
TOIZla ¥ TOJBKO TOIZa, KOrja JMHEeHHaA 000I09YKa OAHOWIEHOB U3 A \ N
apnaeTca ugeanoM B K[xy, ..., x,1.

Ipeanoxenue 1. ITycemb A=K[x, ..., x,]1/I — cmandapmuas anzeb-
pa. Tozda Hatidemcst HOPMAILHOE MHOXNCECMB0 00HOUeHO08 A, 06pa3 Komo-
po20 8 A sieasiemcs 6a3ucom A Kak 8eKmopHO20 NPOCMPAHCMEA.

/lokazaTenbCTBO. BBezeM Ha MHOXECTBe //t neKCHKorpa(queCKHH

MopsiZioK. HalloMHKMM, 4TO B 9TOM TOpAZAKE x1 xn < xI'...xch, ecan Hait-
AETCSA TaKoe k, UTO i1 = ji, «vvy lxq = Jr—1, Ik < ]k. Jlekcukorpaduyeckuii
MOPAZIOK TI03BOJIAET IUHEWHO YIIOPAZOYUTD WIEHBI TPOU3BOIBLHOTO MHO-
rowieHa f, B YACTHOCTH OZHO3HAYHO OIPEe/ETHTh CTAPIINH WIEH f MHO-
rowieHa f. PacCMOTPUM BEKTOPHOE IPOCTPAHCTBO I, IOPOX/EHHOE OfHO-
wreHamu {f: f €I}, u MHOXecTBO N = .4 \I.

Yupakuenue 16. IIposepsre, uro I — nugean B anrebpe Klxy, ..., X,,]
Y MHOXECTBO /" HOpMaJIBHO.

[TokaxkeM, 4TO MHOXeCTBO A SIBJIAETCA NCKOMBIM.

1. Dnemenmst us N nuHeliHo He3asucuMbL 8 A. B camoM zeite, TMHeHHAA
KOMOWHAIIMA TaKUX JIEMEHTOB paBHA HYJIIO B A TOrZa U TONBKO TOTZAA,
KOI7la 9Ta KOMOMHAIYA JTexuT B I. Toraa ee CTapIIMil WwieH JeXuT B .

2. Jlroboll anemenm u3 A ecmb JUHeUHAS KOMOUHAUUS ITIeMEHMO8 U3
N . i jaHHOTO a € A paccMoTpuM ero npoo6pas f B K[xy, ..., x,]. BbI-
6epeM cpeay WIEHOB MHOTOWIEHA f CTApIIUA OAHOWIEH M, KOTOPHIH Jie-
xwurt B [. Haitneresa F €1, ana KOTOpOT'o F=m. 3amenum B f 4neH m Ha
m — F. Ilpu 3TOM HOBHIH 37IeMeHT OyZieT COOTBETCTBOBATH TOMY JKe 3Je-
MeHTy a B paxTopasrebpe ¥ CTApIIMil WieH MHOTOWIeHA f, eKaImui B I,
yMeHbIUTCA. OcTaeTcs 3aMeTUTh, YTO B JIEKCUKOTpaQUIECKOM IIOPsJKe
HeT 6GECKOHEYHBIX CTPOTO YOBIBAIOIUX I[ETIOYEK OAHOWIEHOB. O
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PaszoxeHue aneMeHTa a € A o 6a3ucy A4 NPUHATO HA3bIBaTb HOP-
ManwbHOU hopmotl ameMeHTa d.

Ipeanoxenue 2. I1ocied08amenbHOCMb UeablX HEOMPUUAMENbHbLX
yucen 1, pq, Py, D3, --- A875€MCSL NOCIe008AMENLHOCMbIO pa3mepHocmetl
KOMNOHeHM Hekomopoii cmandapmuotl aneebpsl A mozoa u mosbko mozod,
K020a Hatlidemcss makoe HOpMAbHOe NOOMHONcecmeo N C M, umo p, —
YUCJI0 37IeEMEHMO8 IM020 NOOMHONCEC8A CMeneHU .

JlokasaTesbCcTBO. VMIUIMKanua = AoKasaHa B peAyiokeHuu 1. Jna
ZTIOKa3aTeIbCTBA 0OpaTHON MMILTUKAIIMN PACCMOTPUM JIUHEHHYI0 060104-
Ky I sanemenToB u3 4 \ A . Torga I sBIsieTCA W€asoM U IIOC/IE0BATENb-

HOCTb pa3MepHOCTel KoMIoHeHT ¢pakropanre6pst K[xy, ..., x,1/I saBiseT-
CsI ICKOMOM. O

Byzem o6o3HavyaTh yepe3 //t,f nepBble (HaMMeHbIIME) k OJHOWIEHOB
CTETEHU S OT X, ..., X, B IEKCUKOTPapUIeCKOM TOPSAKE.

Omnpegenenne 11. IlocmenoBaTenbHOCTD 1, Py, Pa, P3, ... Ha3blBaeTCA
O-nocniedosamenbHOCMbIO, €CIN MHOXECTBO OZHOWIEHOB

[ee]
S
U My,
s=0
OT N = p; IEPEMEHHBIX HOPMAJIBHO.

ITIpumep 6. IlocnemoBarenbHOCTh 1,3, 2,2 sBasgercsa O-mociesoBa-
TeJIbHOCTBIO, a IIOC/IeJ0BATENbHOCTD 1, 3, 2, 3 — HeT:

1
X3 Xg X3

X1X3 XXy X2

2
XoX3 X 1

2
X 2

3
3 2 2 3 3

Xy XpX5 XXz X, x1x§ X1X9X3 x1x§ xfxg xfxz xj.

B camomMm zene, BO BTOpOM ciydae OFZHOWIEH xéx3 JeJIUTCS Ha OJHO-
YjeH x%, KOTOPBIHN B MIOAMHOXXECTBO HE IOTa/IaerT.

3agaua 25. Eom B omnpezenenny O-IOCIeA0BaTENbHOCTU OTCUUTHI-
BaTh He HaWMEHbIIIMe, a HAUOOJIbIIIME OAHOWIEHBI, OYAET JIU TaKoe OIpe-
ZleJieHrie S5KBUBAJIEHTHO UCXOAHOMY?

V3 mpeioskeHus 2 ClIefyeT, 4To arobas O-mocae0BaTeNbHOCTD peaju-
3yeTcs KaK MOCIel0BaTeTbHOCTh Pa3MEPHOCTEN KOMIIOHEHT CTAaHAAPTHOM
anre6pshl.
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HanmomHuuMm, 9TO 6uHoMuanbHblil koagduyuenm C; onpeaensaerca Ansa

m!
IIeJbIX YMcel m U S Kak ST —s)! npu m=s=0 u kak 0, et m<s

WY €CJIU XOTsI GBI OZIHO U3 YKCeJT OTPUIATENbHO. [IpH 9TOM MBI TIo/IaraeM
o!'=1.

Ipeanoxenue 3. I[Tycms m u d — GuKCUPOBAHHbBLE HAMYPATbHbIE YUC-
na. Toeda Haiidemcst pogHO 00HA MAKASL NOCE008AMENLHOCTb UelblX He-
OMpUYAMEeNbHBIX YUCeT

k(d)>k(d-=1)>...>k(1) =0,
umo
— d d-1 1
m= Ck(d) +Cl<(d—1) +... +Ck(1)'
Omnpegenenue 12. JlaHHOe BRIpa’keHUe HAa3bIBAaeTCs d-pasJiojceHuem

Maxones uncna m, a yucna k(d),k(d — 1), ..., k(1) — d-koagppuyuenma-
Mu Maxkones aucia m.

IMpumep 7. Ilyctb m=5u d=7. Torzaa
T 6 5 h 3 2 ol
5=C]+C+CS+Ci+C3+C3+C.
Mycts Teneps m =8 u d =2. 3xecs 8=C +C,.

Jloka3zaTesbCcTBO npeioxeHusa 3. BocronbayeMcsa HHAYKIKEH 10 d.
ITpu d =1 umeem k(1) =m. ITycTb Tenepdb d > 1.

Jemma 1. Ecau k(d) >k(d—1)>...>k(1) =0, mo

d 1 d
Gt TCw < Chyrr

Joka3sarenbcTBO. BHOBb ucnonb3yeM MHAYKIUO 10 d. [lpu d =1

1 1
umeeM Cp ) < Cp(yy,; — BepHO. Temepb yTBepxJeHUe JIEMMBI ClIe/lyeT U3
paBeHCTBa le(d)+1 - C,f(d) = le(_d% U HEPABEHCTB
d-1 d-2 1 d-1 d-1
Cea—p TG TGy < Cha-n S Gy
TepBOE M3 KOTOPBIX BEPHO I10 IIPEAIIONI0XKEHUI0 NHAYKIVN. O
d d
Wrak, u3 cyIiecTBOBaHs PA3IOXKeHUs CIeAyeT, 4To C; @Sm< Ck( D1

3ameTuM, 4TO i AaHHBIX M U d HalzeTcss pOBHO ofHO yucio k(d), ais

KOTOpOr'o C,‘f( pSm< C,‘f( &)+1- 110 IPEATIONOXEHIIO MHAYKITU

d _ ~d-1 1
m—=Ciay = Crg—py T+ Cray>
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U nocaegoBareabHocTh k(d —1) > ... > k(1) =0 onpeaeHeHa OZHO3HAY-

Ho. OcTaeTca 1mokasaTth, 4To k(d) > k(d — 1), uau 9yTo m — Ck( O C,‘f( d%
T[NocesHee HepaBEHCTBO PABHOCWIHLHO HEPABEHCTBY m < Ck( 4)+1» KOTOpOE

BEPHO B cuty Bhibopa uyucia k(d). O
Kak mokasbiBaeT Z0Ka3aTenbCcTBO, Koadduiinents k(i) y1obHO Haxo-
JUTh TIOC/IEN0BATENBHO: k (1) — 5TO HAaMOOJIbINIEE YKCIIO, IJISI KOTOPOTO

i+1

Gy ko SM— Ck(d) = Gy
Jlemma 2. Ecau k(d),..., k(1) — d-KoagbgbuuueHmbt Maxones uucaa n,
ak'(d),..., k'(1) — d-koadppuyuenmst Maxones uucaa n’, mo n >n’ mozda

U MOabKO Mo20d, k020a Jlekcukoepagduuecku
*k(d), ..., k(1) > (K'(d), ..., k' (1)).

JokasaTenbcTBO. Eciu k(d) =k’(d), To BBIUTEM U3 n U n’ 9UCIIO Ck( O
1 Bocronb3yemcsa uHayknmeit mo d. Ecim k(d) > k’(d), To zocTaTo4yHo zo-
Kas3aTh, YTO

1
Ck(d) > Ck,(d)—l-Ck/(d byt T Cra

d
JTO cienyeT U3 TOro, 4To Ck( = Ck,( d)+1> ¥ Y13 TeMMBI 1. (|
OO6BbsACHUM, KaK pasjiokeHre Makoses CBSI3aHO C JiEKCUKorpadude-
CKUM ITOPSIIKOM Ha MHOXXECTBe OJHOWIEHOB. Hike MbI paccMaTpuBaem
OTHOWIEHHI ¢ KoadduimeHnToM exaununa. [IyCTb U — OAHOWIEH CTEIEHU
d oT mepeMeHHBIX Xi, ..., X,. O603HaYUM uepe3 £ (u) MHOXKECTBO OZHO-
WIEHOB cTeneHu d, MeHbINMX u. Ham ygob6HO OyZeT 3amucaTh U B BHIE
Xj1yXj2)---Xj@y, the 1 <j(1) <j2) < ... < j(d) £ n. O6o3HauuM uepes
[x, ..., X, ], MHOXECTBO OJHOWIEHOB OT X, ..., X, CTENEeHU § mpu k < n.
Ilpu k > n monaraem [x, ..., X,,]; IyCTBIM MHOKECTBOM.
Ec/ii OAHOWIEH Vv UMeeT cTeleHb d U V < U, TO HEKOTOpble HaYaIbHbIE
OTpEe3KHU OZHOWIEHOB U U V COBIAZAIOT, a 3aTeM B V CJIeAyeT epeMeHHast
¢ 66mbiM HoMepoM. OTCIo/Ia TIOTyIaeM Pas3IoKeHUe

.Z(u) = [Xj(1)+1, ceny xn]d LIX](D [Xj(2)+1, ceey xn]d_l ...

U (Xj(l)---xj(d—l)) [xj(d)+1’ ceey Xn]l,
KOTOpOE ompeaeadaeT d-paBTIO}KeHI/Ie Maxkones yucia |$(H)|
|2 W)= +cd! +...+C!

n ](1)+d 1 n—j(2)+d—2
Omnpegenenune 13. IlycTb

n—j(d*

m = Cyyy +Clil s+ +Clyy-
Torza onpezeauM 9Hc/Io

m® = cdtl 4 cd

k(d)+1 k(d-1)+1 +..t Ck(1)+1
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Jlemma 3. ,ZIJU:[ npous3eoJjibHO20 00HOWIeHA U cmeneHu d 8bINoNHACMCA
paseHcmeso

| (ux,)| = |2 W)@,

Zoka3arenbcTBO. [IOCKONBKY UX, = Xj1)Xj(2)---Xj(d)Xn, 1OLyIaEM

_ d+1 d 2 1
1% (wx)| = G5y a T Crsj@ra T+ Cosj@s1 T Cronirvs
U ToC/Ie[Hee claraeMoe paBHO HyJIio. O

Tenepsb MBI TOTOBBI CGOPMYIHPOBATH OCHOBHOU PE3Y/IbTAT.

Teopema 3 (®. C. Makonei#i, I1. MakmionneH, P. Ctennu). Ilycms P =
= {1, p1, P25 P3, --- } — N0CE008AMENLHOCMb UeIbIX HEOMPUYAMENbHBIX
uucen. Toeda cnedyroujue yca08us 3K8UBAJIEHMHbL:

(1) P—3smo nocnedogamenbHOCMb pasmepHocmell KOMNOHEHM HeKo-
mopoii cmandapmHotii aneebput;

(2) P sasngemca O-nocanedosamebHOCbIO;

(3) Pg+1 Spf;” onsa obozo d = 1.

Vmmmkanys (2) = (1) ZokazaHa B MpeApIAyIeM naparpagde.

Jloka3aTeybCTBO SKBUBAJIEHTHOCTH yciaoBuit (2) u (3). Yeinosue (2)
O3HAYAET, YTO B MHOXKECTBE ./ OJHOWIEHOB OT 1 = p; TIEPEMEHHBIX IO~
MHOXXeCTBO A = U:O:O M ;s HOPMAaJIBHO. DTO PaBHOCWJIBHO TOMY, UTO /s

J060r0 OZHOWIEHA, He IIOINABIIETO B A4, Bce KpaTHblE €My OJHOWIEHEI
TaK’Ke He Monatu B A . [l KaKaoii crenieHr d OAHOWIEHBI, He [IOaBIINe
B A/,—3TO OZHOWIEHBl W, UMEIOIUe B JEKCUKOTpapUIeCcKOM IOpsAKe
(o Bo3pacTaHu) HOMEPA py + 1 U BbIIe. 3HAYUT, YCIOBHE HOPMAJIb-
HOCTH MHOXXECTBA /" PaBHOCWJIBHO TOMY, YTO HOMED OJHOWIEHA WX; He
MeHbIIIe Dy, 1 + 1 A mo6eix d, w u i. Ho HoMep ofHOWIeHa WX; He MeHb-
Ile HOMepa OZHOWIEHA WX, A€ Wy — OFHOWIEH cTerneHu d ¢ HOMEPOM

pq + 1. CornacHo neMme 3, HOMEp MHOI'OWIEHA WyX, PaBeH p§d> + 1, mo-

3TOMYy ycyoBUe (2) paBHOCHIBHO YCJIOBUIO Pyyq < pf;w Js mroboro d = 1.

TpyAHOM YacThiO JOKAa3aTeIhCTBA TEOPEMBI 3 ABIAETCS BHIBOZ, MTOCIE-
HUX YCJIOBHH U3 TIEpPBOTO. B citeaytomux maparpadax mpuBOAATCA He3aBU-
CHMBIe ZIPYT OT ZIpyTa fioKa3aTeiabcTBa uMiuiukanuii (1) = (2) u (1) = (3)
COOTBETCTBEHHO.

3azaua 26. fsngerca au O-IOCIeA0BATEIbHOCTBIO IOCIEA0BATEb-
HOCTh 1, 40, 100, 134, 148, 152, 248, 290, 0,0, 0,0, ...?

3agaua 27. JlokakuTe, 4TO JJiA IPOMU3BOIbHOM O-IocaesoBaTeabHOC-
TU 1, p1, Py, P3, ... HalgeTca Takoe m € N, 410 p, ;1 = ps(s> it 1r060To
szm.
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3azaya 28. JlokaxkuTe, 9TO /IS IPOU3BOILHOM O-TIOCIe0BaTENbHOC-
TU HalZAyTCA TaKoe HaTypalbHOE M U Takue Ieble 4, = Ay = ... 2 A,y = — 1,
4qTo
a a
ps=C., +C?

s+a,; sta,—

am
L+ tC

st+a,—m+1

JUIA II000TO0 S = m.

3azaga 29. Ilycte ana O-mocieZoBaTeNbHOCTU 1, Py, Pa, P3, -.- Hal-
Jetcs Takoe m €N, 4Tto p,, < m. JIoOKaXXuTe, 4TO p, 1 < P, AJIA J1060r0
s=zm.



§ 5. KomOGuHaTOPHBIN BapHaHT TeOpPeMbI
MakoJiesa

B atom maparpade MbI cieayem paborte [11], cm. Takke [8, §3.4.1].
O6o3HaunM depe3 F MHOXKeCTBO BceX HAGOpPOB M3 N LIEJBIX HEOTPUIA-
TeJIbHBIX Ynces. Yrnopsgouum F yekcukorpadudecku. Jnsa kaxkgoro v €N
OHpEASIIM F,={(ay,...,a):a;+...+a, =v}.
[Tycts H € F — moamuoxkecTBO 1 H, = HNF,. O6o3uauum uepe3 CH, mep-
Bhle (T. e. HauMeHbie) |H, | anmemenToB MuOKecTBa F,, rae |H, | — 4ncio
3/1eMeHTOB B H,, v nonoxum CH = UV CH,. C kaxapIM a € F cBAXeM I10A-
MHOXECTBO
'@ = {(a;—-1,ay,...,a,), (a,a,—1, ..., a,), ..., (a1, ay, ..., a, — 1 }NF.
Omnpeznenum 'H = UaeH I'(a).

Teopema 4. Cnpasednuso sxntouerue I'(CH,) € C(T'H,).

Joka3zaTenbcTBo. Bysem HasbiBaTh nNoAMHOXeCTBO M C F, cucambim,
eciu CM =M.

Jlemma 4. Ecau muoncecmeo M CF, cucamo, mo u I'M CF,_; cucamo.
JoxkasartenbcTBo. Ilycts a = (ay, ...,a,), b=(b;,...,b,), a,bE€F,_;

u a <b. Hazo mokasarb, 4ro us ycnosusa (bq,...,b; +1,...,b,) €M ce-
ayet, uto a € 'M. Ho (ay, ...,a;+1,...,a,) <(by,...,b; +1,...,b,), u B
CHJIy CKATOCTH MHOXecTBa M umeewm (ay, ...,d;+1, ..., a,) € M, oTKyza
cnenyet, 9To a €'M. O

Termepp AJs1 OKA3aTENBCTBA TEOPEMBI 4 JOCTATOYHO /IOKA3aTh, UTO
IT'(CH,)| < |TH,|. B camom gene, C(I'H,) —oaTo nepseie |['H,| smemeH-
TOoB MHOXecTBa F,_;, a kak ciegyet u3s semmsbl 4, I'(CH,) — 3To nepBble
|T'(CH,)| anemenTOB MHOXKECTBA F,_;.

JlemMma 5. Teopema 4 gepna npu n=2.
JoxkasaTtenbcTBo. Hazo mokasats, uto |I'(CH,)| < |TH,|. Ilpu H, =F,
yTBepxkAeHre oueBuaHO. IIpu |H,|=k <v + 1 umeem |I'(CH,)| =k,
0,5 (1,49 (2,3) (3,2 41 G,0
0,49 (1,30 (2,20 G, 4,0,

a mpoBepka HepaBeHcTBa |['H, | = k TIpeZiocTaBIsgeTCsA YUTATENIO. O
Jlanee 6yzeM HCIIONb30BaTh MHAYKIINIO 110 n. Onpeaenm

Hi:d = {(a17 LR an): ai = d}ﬂH,
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n uepe3 (VH,);.; 0603HAYMM MHOKECTBO 11epBbiX |(H, );.4| 271eMeHTOB MHO-
s)kectBa (F,);.;. byseM roBopurs, 4To NOAMHOXECTBO H, ABIAETCA i-Cocda-
muwm, ect (VH,);.q= (H,);.q A1 Bcex 3HaueHU d.

Ynpaxuenue 17. TlokaxuTte, 4TO IpU n = 2 KaXKA0€ IMOAMHOXECTBO
B F, aBnaerca 1- u 2-ckareiM. [Ipu n = 3 nipuBeguTe NpuMep MOAMHOXe-
ctBa B F,, KoTOpoe i-cxxaTo AJd Bcex i =1, 2, ..., n, HO CKaTbIM He ABJA-
eTcA.

Jlemma 6. ITyemo n=3 u g=10(g1, > 8n-1,8) <h=(hy,..., h,_1,0),
npuuem g,h € F,. Ecnu noomuoncecmgo S C F, i-cucamo npu i =1,2,n
uheS, moges.

JlokazaTenbcTBO. /JJOCTaTOYHO IOCTPOUTH BO3PACTAIOIIYIO LIENIOYKY
aneMeHTOB U3 F,, HAUMHAIOUIYIOCA B ¢ M 3aKaHYMBAIOUIYIOCA B h, B KO-
TOPOH y JIIOOBIX BYX COCEAHMX 3IE€MEHTOB XOTs ObI OfHA M3 KOOPAWHAT
C HOMepaMHu 1, 2 Wi n coBIaZaeT.

1. [yctb g; =h;. IlogxoauT nienoyka g < h.

2. Ilyctb hy =g; + 1 u x0TA 6Bl OZHO W3 YUCEN g, ..., §y_1 OTINY-
HO oT Hynda. ITomoxum §=(g; +1,0,...,0,8 + ...+ g,_1 — 1, g,). Torma
g <& <h—wuckomas 1enoyka, Tak Kak ecjau y MHOrowIeHa h TolbKo hy
U h,_; oTm4uHb OT HynA, TO h,_;=(g;+...+g)—h, =g +...+g,—1=
=Zgy+...+g,_1— 1, npuyeM paBeHCTBO JOCTUTAETCA TOJIBKO IIpu g, =0.

3. Nlyctb hy=g;+1u g,=...=g,_1=0. Torza g < (g;, &, 0, ..., 0) <h.
4. Tlyctb h,=g; +k, k= 2. Torna 3amenum g Ha (g;+1, &5, ..., & — 1, ...
.+» &n)> & > 0 ¥ BOCTIONb3yeMCsA MHAYKIHUEH 1o k. O

Onpezennm MHOXecTBa H) nnaykrusro: H =H, n HI*' = J,(VH)) 4,
rae i=j (mod n).

Jlemma 7. Haiidemca maxoe p >0, 04 komopozo HY asnaemca i-cuca-
mouim onsaecexi=1,2,...,n

Jloka3aTenbCTBO. 3aHyMepyeM 3JIeMeHTHl MHOXKeCTBa F, B JIEKCUKO-
rpaduaeckoM nopszke. Ilepexog or H/ x H/ ™' He usmeHsieT konmudecTso
JIEMEHTOB, U y KA)XXJOT'0 MU3MEHIEMOTO JIeMeHTa YMEHbIIAeTCsT HOMep.
CrnenoBaresnbHO, Yepe3 KOHEYHOE YUCJIO IIAroB MPOLECCH {-CKATHA Ipe-
KpaTATCs. 0

Jlemma 8. IIpednonoxcum, umo meopema 4 gepHa 0151 HA60PO8 ONUHbL
n—1uTH,CH, ;. Toeda TH} CH! | dna mo6ozo j.

Jloka3arenbcTBO. Bocronb3yemcs naaykiuei o j. [Ipu j =1 BkItO-
yeHue ['H, CH,_; BBIIIOJIHEHO 110 yCI0BUIO. JIOKaXeM BKJIIOYEHUE l"H‘{+1 -
QH‘{E. [To npeaAnonoXeHUo UHAYKIUN F((Hj)i:d) N(F,_1)iq S (H\iq)i:d-
[IprMeHsa TeopeMy 4 KO BCeM KOOpAWHATAM KPOME i-H IMOIy4YuM

T((VHD:) N (Fy_Dig S (VH]Dig- &)
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U3 BKJIIOUEHUA FH‘{ EHj_l mpu d = 1 cienyet, 4ro |(H‘{)l al < |(HJ Dia-1ls
OTKyZa 1pu d = 1 monyyaem

T((VHD ) N (Fy_p)ia— S (VH _Did-1- ®)

B camom zieste, ieBast 4acTh — 3TO TepBble |(H. J)i 4| meMeHTOB MHOXKECTBA

(F,_1)i.4—1, @ IIpaBasd 4acTb — 3TO IIepBbIe |( _1)i:a—1| anemenTOB TOTO
’Ke MHOXKeCTBa.

N3 cooTHomeHus (1) cmeayeT, 4TO F((VH‘{) 0) C (VH? 1)1 o anpud =1
u3 cooTHoureHui (1) u (2) ciexyer, 4To

T((VH)g) € (VH) g U (VHD gy

j+1 j j+1 j+1
YautsiBas, aro Hit! =| J,(VH/), 4, nonysaem TH/** CHI™ . O
3aBepuIuM ZI0Ka3aTelbCTBO TeopeMbl 4. ITycTh MHOXeCTBO S = HY sB-
JgAeTcs i-oxaTeiM i i = 1,2, ..., n. Tonoxkum (CH,)? = T. IlpumeHss

nemmy 8 x H,_; =TH,, nonyaum I'(H?) € (TH,)?, wm T'S C T. Bynem
MOCTENEeHHO M3MeHATh S U T Tak, YTOOB B KOHIE momyduth S = CH,

uTCC(TH,).
Ecmu S=F,, o u H,=F,, a 3uauur, ['(CH,) =F,_; =C(I'H,). IlycTtp
g=1(gy, ..., &) — mepBbIii anement u3 F, \S u h= (hl, ..., h,) —mocneza-

Huii onement u3 S. Ecmn h< g, To S=CH, u [I'(CH,)|=|T'S|<|T|=|TH,|.
[Tyctp Temeps h > g. Ecm h, =0, To 1o sieMMe 6 MBI nonyqaeM gESs,
YTO MPUBOAUT K mIpotuBopeuuto. Ilomoxum h* = (hy,...,h,_1,h, — 1)
u g =(g1,.., 81,8 — 1) mpu g, > 0. V3 BKIIOYEHUA FS cT cneayeT,
yto h* € T. Ecin x € S\ {h}, To myst moboro y € I'(x) umeem y < x < h.
Otcroga h* ¢ T'(x) ana mo6oro x €S\ {h}. Monoxum S’ = (S\ {hHU{g} n

T (T\{h*Hu{g*}, ecmg, >0;
T ecmu g, = 0.

IIpoBepum, 4TO rs’'cr’. JIJ1s1 3TOT0 ZI0CTAaTOYHO TMOKa3aTh, uTo I'(g) € T.
Ecnu g, >0, To g* nexut B T’ 110 IOCTPOEHMIO. DneMeHT (g1, ..., & — 1, ...

v &) nexursI'((gy, ..., & =1, .., g+ 1 u (g, ...,g -1, ...,g,+1)<g,
nostomy (g, ..., &—1, ..., g, +1) €S. OTcropa caenyet, 4To

regy.-8-1..,8,+D)CT.

Hago mousts, uto (gq, ..., & — 1, ..., &) #h* = (hy, ..., h_1, h, —1). Ho
B cuiy 1l-oxaTocTu uMeeM h; > g;. 3aMeTHUM TakKXe, 4TO MHO)KeCTBO s’
ABJIAETCA [-CKATHIM JJI BCEX 1.

[Tocsie KOHEYHOTO yKceia mepexonos ot (S, T) k (S, T') Mbl momydnm
S=CH,, ['(CH,) €T u |T'(CH,)| <|T|=|TH,|. O
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Joka3zarenbctBo uMmiuinkanuu (1) = (2) B teopeme 3. CormiacHo
IIpe/JIoKEHUI0 2 HalileTcsd HOpMaJbHOE IOAMHOXECTBO A C ./, 4ucio
2JIEMEHTOB CTEIEHU $§ KOTOPOro paBHO p;. IlycTte H — MHOXeCTBO Ha-
60pOB cTemeHel 37IEMEHTOB MOAMHOXKecTBa A . VI3 TeopeMsbl 4 ciefyer,
YTO MHOXXECTBO OZHOWIEHOB %, HAGOPEI CTEIeHel KOTOPBIX NpUHAZJIe-
»)at CH, siByisseTcss HOpMaibHBIM. C IPYyTO¥ CTOPOHBI, A = U:;O M ;s.
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B aToM maparpade soka3zaH pe3yabTaT U3 paboTel [12]. B usnokeHun
MBI cneayem kaure [10, § 4.2]. [TycTts

_ ~d a-1 1
m= Ck(d) + Ck(d—l) +...+ Ck(l)'
OnpeaenuM 9ucyIo
_ ~d d-1 1
Mgy = Crgy—1 1 Cgmny—1 T+ Cray-1-

V3 1eMMBI 2 BHITEKAET, YTO mz d) <mg) OpH m’ <m.

Jlemma 9. Ecau nocneOHee HeHynegoe cidzaemoe 8 d-pasnoncenuu Ma-
Kosiest uucaa m He pagio 1, mo (m — 1) gy <mgy.

IlokasarenbcTBo. Ilycts k'(d), ..., k'(1) — koaddumuentsr Makones
yncaa m — 1. CornacHo nteMme 2 umeeM k' (d) < k(d).Ecmu k’(d) <k(d), To
nepsbiii d-kosdpduienT Makones yucna m gy paseH k(d) — 1, a mepBbIi
d-xoapdunmentT uncna (m—1) 4 pasen k’(d) — 1 u Tpe6GyeMoe HepaBeH-
CTBO cJIelyeT U3 JIeMMBI 2.

Iycts k'(d) =k(d). 3amenum m Ha m’ =m — C¢

k(d)
uHAYKIMeR no d. HyXHO aumb npoBepuTh, yto m’ — 1> 0. D10 cieny-
€T U3 TOr0, YTO B ITOHM CUTyauMH y yucia m 0Oojee OFHOTO ClIaraeMoro
B d-pa3noxeHMH Makoses OTJIMYHO OT HyJ/IS M IOCIefHee U3 HEeHYJIEBBIX
caraeMbix 6osbine 1. O

1 BOCIIOJIB3yEMCA

Omnpegenenue 14. IlycTs mose K 6eCKOHEYHO U P — HEKOTOPOE YCJIO-
BHe, 3aBUCAILee OT TOYKW KOHEYHOMEPHOI'0 BEKTOPHOI'0 K-IIpoCcTpaHCT-
Ba V. ByzeM roBOpUTh, YTO YCJIOBHE P BBHIOIHEHO JJIS MOUKU 06uUie20
NoJs0KceHUs TIPOCTPAHCTBA V, eciiyu uMeeTcA TaKoH HeHyJIeBOM MHOTOWIeH
F na npocTtpaHcTBe V, 4TO ycaoBHUe P BBIIIOJHEHO BO BCEX TOYKax IIpoO-
crpaHctBa V, r7ie F He obpaiaeTcs B HyIb.

Eciu ycnoBus Py, ..., P, BBHIIOJHEHBI JJIS TOYEK OOILIETO ITOJIOXKEHUS
mpocTpaHcTBa V, TO AJi TOUeK OOIIEro MOMOXKEHUS 3T YCOBUS BBITION-
HeHBI OTHOBPeMeHHO. B camowMm zienie, B KauecTBe MHOTOWIeHa F Hazo pac-
CMOTpeTb [IpOoM3BeZieHrie MHOTOWIeHoB F,, ..., F, .

Teopema 5 (M.I'pun, 1989). IIycmb K — beckoHeuHoe nose, s € N
u A—cmandapmuan K-anzebpa. /Zna xkaxucdozo anemenma a € A; pac-
cmompum cmandapmuyio anzebpy B= A/ (a). Toeda dna anemenma a € A,
06uwe20 nosoxcenusa umeem mecmo Hepaserncmeo dim B, < (dim Ay) ).
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HokazarenbcTBo. [Iyctb M =max,c,, dim(aA;_,). Toraa dim(aA;_,)=
=M a1 ameMeHTa a € A, ob1ero nonoxeHusa. B camom feie, paHr omne-
paropa L,: A,_; — A; YMHO)XXeHUs Ha d paBeH MaKCUMaJIbHOMY IOPAIKY
OT/JIMYHOI'O OT Hy/I MUHOPa MaTpHUIIbI 3TOT'0 OoIlepaTopa.

BocnonbsyeMcst nHAYKITMEN M0 mapaMeTpy min(s, dim A;). Ecmus=1,
to dimB; =dimA; — 1< (dimA;);) =dimA; — 1. Eum dimA; =1, To
dim B, =0 zans Bcex s = 1. [lanee npeanonaraem, 4yto s > 1 u dimA; > 1.

3adukcupyeM Takoi aneMeHT a € A, uro dim(aA,_;) =M, 1 paccMoT-
PUM 3JIeMEHT ¢ € A;, KOTOpBI He IPONOpPLUOHANIEH d U AJiA KOTOPOro
dim(cA,_;) u dim(cB,_;) O4HOBpEMEHHO IPUHUMAIOT MaKCUMAJIbHO BO3-
MOkHble 3HaYeHus. fAcHo, uyto dim B, = dim(B,/cB,_;) + dimcB,_;. Ilo
npeanonoxenuto uHAyknun dim(B,/cB;_;) < (dim By) ;). Ouenum BTOpoe
claraemoe:

dim(CBS_l) == dim(CAS—l/(CAS—Z naAs_z)) S

< dim(cA,_;/acA,_,) = dim(aA,_;/acA;_,).
[TocnegHee paBeHCTBO CIpaBeAsvBO, TaK Kak dim(cA,_;) u dim(aA,_;)
ABJIAIOTCA MaKCUMaabHO BO3MOXHBIMU.

MOXHO TakXKe CYMTATh, YTO AJIS dleMeHTa ¢ 3HaueHue dim(acA;_,)
MakKcuMaibHO. PaccmoTpuMm uzean I ={x € A: ax =0} anrebper A. OTOT
nziean ogHopoaeH, u daxrtopanrebpa P = A/I cranzaptHa. PasmMepHOCTh
dim(aA,_;) coBnagaer c dim P,_;. [IpuMeHss K anrebpe P npeAnonoKeHue
WHAYKIIUY, TToy4yaeM

dim(aAs_l/aCAS_z) = dim(Ps_l/CPS_l) <
< (dimps_l)(5_1> = (dim(aAs_l))(5_1> = (CllI'I'lAS —dimBs)<s_1>.

OKOHYAaTe/IbHO TIOTydaeM
dim B, < (dim By) ;) + (dim A; — dim B,) (;_y).

OcraeTcs 0Ka3aTh CIeAYIOUNH (aKT.

Jlemma 10. Ilycmb 01 HAMYPANBHBIX UUces S U h < M 8blNONHEHO
nepasencmeo h <hy+ (m—h);_q). Tozda h <myy).

JlokasaTejbCTBO. PaCCMOTpI/IM pasioxeHune Makones
— S 1
h=Cyy+...+Crpy-

Byzem paccyxaaTh OT IPOTUBHOTO. ITycTb m ), < h. Toraa mo nemme 2 1o-

ayqaeM m<C: . . +...+C} um—h<C1+..+C°

k(s)+1 k(1)+1 k() k(1) SHAYMT,

-1 1
(m—~h) (s—1) < Cli(s)—l +...+ Ck(2)—1
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— 1
hi = Ci(s)q +o+Crgyr-
ITo ycnoButo
h < b+ (m—h)_1y < G+ ...+ Copy +Crpy_g S B,

¥ MBI TIOJTy9aeM TIPOTUBOpEYHE. O
Teopema 5 mokasaHa. O
Joka3arenscTBo nMmiutukanuu (1) = (3) B Teopeme 3. Haunem co

BCIIOMOTaTeJbHOTO YTBEP:KAEHUA.

Jlemma 11. ITycms k(s),..., k(1) — s-koagppuyuenmst Makoses uuc-
aamu j=min{i: k(i) =i}. Toeda

m® +k(Q)+1, ecuj=1,
(m+1" =
m® +1, ecu j > 1.
JoxasareascTBo. [Ipu j > 1 numeem
— S J j—1
m+1=Cyy+...+C;+Ciy,

oTKyza cienyet Tpebyemoe yrBepxkaenue. Ilycts j =1 U i — MaKCUMaJb-
HBIN UHJEKC, A7 KoToporo k(i) =k(1) +i— 1. Toraa

i
— S i+1 r — S i+1 i

m=Cyt- - +Ci +Z Ceayar—1 = G T TGy TGy — 1

r=1

3Ha4MT,

— i+1 i
m+1=Ciy+ .+ Cin T Craysi

ABJIAETCA S-pa3yiokeHreM Makonmesa ajia m + 1, mockombky k(i + 1) >
> k(1) +1i. Torga

i
mb) = s+l + ... 4Ci+2 +Zcr+1
r=1

k(s)+1 kG+1)+1 kD+r —

i+1

_ s+l i+2 _

- Cli(s)ﬂ +...t Cllc(i+1)+1 + Z CI:(1)+r71 -
r=2

_ s+l i+2 i+1

- Cli(s)+1 t...t+ Cll<(i+1)+1 + Cll<(1)+i+1 —k(1)-1.

Hakoserr,
(s) — +1 i+2 i+1 o (s)
(m+1DY¥ = +...+C +Ci(1)+i+1—ms+k(1)+1. O

k(s)+1 k@+1)+1
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TeH30pHO YMHOXXas anre6py A Ha 6ecKOHeUHOe pacivpenue moss K,
MBI MOJKEM CYUTaTh, YTO OCHOBHOE Mosie 6eckoHeyHo. HamoMHUM, 4TO
B—>5T0 dakTopanrebpa A/(a), cHabkeHHadA CTAaHAAPTHOM TPafyUpOB-
KOH, TZle a € A; — 3/IeMeHT, /IjI KOTOPOT'O BEIIIOJIHEHO 3aKII0ueH1e Teope-
MBI 5. YMHOXXeHUeE Ha a olipefieNsieT IMHEHHOe oToOpakeHHe U3 A;_; B A;.
[TocKOMBKY pa3MepHOCTb 06pa3a 3TOro OTOOPAKEHUS He IIPEeBOCXOAUT
dim A,_;, umeet MecTo HepaBeHcTBO dim A, <dim A,_; +dim B,. Torga us
TeopeMbl 5 ciiesiyeT, uTo dim A; < dim A;_; + (dim A) (). [Tycte m =dim A,
u p=dimA;_,. Hazo nokasarb, 4TO U3 HEpaBEHCTBA M < p + M) CIeAyeT

HepaseHcTBo m < p&~1

. [lockonbky
M5y = Cy—1 Tt - +Ck(1) L

nosyJaeMm
1
P =Gyt +Ck(2) 1+Ck(1) 1

[Monoxum j=min{i: k(i) =i}. Ecm j>1, T0 k(1) =0m
p =G+ Gy =m.

Eciu j =1, To, yuuThiBad, 4T0 C°
eM

P 2 (G it Gy T DTV = G+ Gl + (R(2) - D+ L

k(1)—1 = 1, ¥ mpuMeHAd jemmy 11, momydya-

Ho k(2) > k(1), moatomy p“’l) >m. DTO 3aBeplIaeT AOKa3aTeNbCTBO UM-
mwmmkanuu (1) = (3) B Teopeme 3.



§ 7. Anre6pa UHBapUAHTOB JIMHENHBIX
npeo6pa3oBaHUM

PaccMoTpyM JIMHEHHBIN ontepaTop S Ha anrebpe MHorowieHoB K[x, ...
..., X,,], OTIpe/ie/IeHHbIH Ha 06pa3yoUIMX JUHEUHBIM peobpa3oBaHUEM:

SOx) =apx;+...+apx, ..., SO =agx;+...+agx,
Y TIPOZOJDKAIOUTNICS Ha IIPOU3BOJIbHBIM MHOTOWIEH I10 TIPABIULY
SUN ey, ooy ) = F(SCx), -, SO)).

Omnepatop S yzosieTBopsiet yeaoButo S(fh) =S(f)S(h) ans mobbx f,he
€Kl[xy, ..., X,]. Byaem cuurarp, 4ro mpeobpaszoBanue S obpamumo, T.e.
CyllecTByeT TakKoe JUHeHHoe Mpeob6pasoBaHKMe S~ !, 4TO KOMIOZMIMH
SoS! u S 'oS onpesenaioT ToxAECTBEHHOE HpeobpasoBaHue. SICHO,
YTO MHOXKECTBO OOPAaTUMBIX JIMHEMHBIX MPeoOpa3oBaHUll MepeMeHHBIX
X1, ..., X, 0Opa3yeT IPyIIy OTHOCUTENBHO OIlepaliiy KoMrosunuu. boree
TOT0, COTOCTABJIEHNE NPe0OPAa30BaHMIO S MATPHILbI (a;;) MO3BOJIAET OTOX-
JECTBUTD IPyNITy 0OpaTUMBIX JIMHENHEIX Ipe0o6pa3oBaHuUil ¢ TPYMIION 00-
parumbrx matpur GL, (K).

Onpepenenue 15. Byzem roBoputh, yTo MHOrouwneH F(xy, ..., X,,) UH-
8apuaHmeH OTHOCUTENbHO MpeobpasoBanusd S, eciut F(S(xy), ..., S(x,)) =
=F (X1, -y Xp)-

IIpumep 8. Paccmotpum npeobpazoBanue S(x;) =Xy, S(xy) =X3, ...,
S(x,_1) =x,, S(x,,) =x,. Torza MHOTOWIEH X; + X, + ... + X,, ”HBAapHaHTeH
OTHOCHUTEJIBHO S, a X1 + x§ +...+Xx; —Her.

MOXHO TaKKe paccMaTpyUBaTh MHOXKECTBO OOpPaTHUMBIX JIMHEMHBIX
npeobpasoBanuii C ={S,: w €N}, rme () — HEKOTOPOEe MHOXKECTBO WH-
JIEKCOB, 1 MHOXECTBO BCeX MHOTOWwIeHOB K[x;, ..., X,]¢, MHBapUaHTHBIX
OTHOCHTENBHO peobpaszosanuii us C. fcHo, uTo K[x1, ..., x,]¢ conepxuT
KOHCTAHTHI ¥ 3aMKHYTO OTHOCHUTEJBHO CJIOKEHUS U YMHOXKEHUS MHOIO-
YIEeHOB, T.e. K[xy, ..., xn]C — noganrebpa B K[x4, ..., x,]. Bonee Toro, ec-
qu G —noarpynna B GL, (K), nmopoxkeHHas rneMeHTaMu MHOXXecTBa C,
10 K[X1, ..., X, ]9 =K[x, ..., x,1¢.

OcHOBHasl 3ajjaya TeOpUM UHBAPHUAHTOB. [lycTh G — moarpymma
B GL, (K). Omumure anre6py napapuanTos K[x, ..., x,1°.

3agaua 30. [lokaxuTe, uyTo B rpymme GL, (K) HeT moarpymiel, anrebpa
WHBapUAHTOB KOTOpPoi coBnazaet ¢ K[x;, x;x,].
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IIpumep 9. Ilycth G = S, —rpynna IepecTaHOBOK, JelCcTByolas
JUHEHHBIMU TPe0oOpa3oOBaHUAMHU TEPEMEHHBIX Xi, ..., X, 10 ¢Gopmyse
T(x;) = X ;) A KOXION NMEpPeCcTaHOBKM T € S,. HaloMHMM, 4TO MHOTO-
wieH F(xy, ..., X,) HAa3bIBAETCA CUMMEMPUUECKUM, €CTTA F (X (1), «+v) Xo ()=
=F(xq, ..., X,) A1 KQKJOU [lepeCTaHOBKU T € S, WIH, APYTUMHU CJIOBAMH,
F(xy, ..., X,,) AiBIsIeTCA S,,-MHBApUAHTHEIM. PaccMoTpuM Habop MHOTOWIe-
HOB

O1=X1+tXxX3+...+Xp,
Oy = X1Xg+X1X3+ ...+ X, 1X,,
Op = X1Xg...Xp-

fACHO, YTO 3T MHOT'OWIEHBI ABJIAIOTCS CUMMETPpUYECKUMU. Wx HaswpIBaroOT
JleMEeHMApHbMU CUMMETPUIECKUMHU MHOTOWIECHaMHU. OcHoBHas T€opeMa
O CUMMETPUYECKHUX MHOI'OWIEHAX YTBEPXKAAET, YTO AJIA KaKJ0I0 CUMMET-

puueckoro MHorowieHa F(xy, ..., X,) CyllecTByeT eAUHCTBEHHBIN Takol
MHorowrieH H(yy, ..., ¥,), 910 F(xq, ..., x,) =H (04, ..., 0,); cM. [3, 1. 3,
§ 8]. Tem cambim, anre6pa K[x;, ..., X,]15" cBO60OZHO MOPOXAAETCA SIEMEH-

TapHBIMU CUMMETPUYIECKUMU MHOT'OWIEHaMMU.

IIpumep 10. Ilycte G —rpynna nopsagka 2, cocrodiias U3 TOXIe-
CTBEHHOTO MPeoOpa3oBaHuA U MPeobpasoBaHUsA X — —Xy, ..., X, = —X,,.
Moz felicTBMEM TaKOTO Mpeobpa3oBaHUs OHOWIEH xilx;...xf; YMHOKa-
erca Ha (—1)1+i2t -+ Tloaromy mMHOrOWIeH F(X1, ..., X,) NHBApHAHTEH
TOT/ZIa U TOJIBKO TOT7ZIa, KOTZIA CyMMa IMoKa3aTesel cTeleHel KaXJ0ro BXO-
JAIIETO B HETO OHOWIEHA YeTHA. DTO JOKA3bIBAET, UYTO ajrebpa NHBapH-
AHTOB MOPOXAaeTcs a/leMeHTaMU xf, xg, cee) xﬁ, X1X5, X1X3y «eey Xp_1Xp-

3ameuanue 1. B npezpiayineM nprMepe MBI HEABHO IIpejIonaraiy,
yTo —1 #1 B mose K. DTO yCIOBHE BHIIOIHEHO HE BCETZA. 3aMETHUM, YTO
COIVIACHO OIlpeZiesieHUI0 noje K cofepXKUT a7eMeHT 1, a 3Ha4uT U 2Je-
MeHTHI 1+ ...+ 1. ToBopAT, 4To none K uMeeT Hysegyr xapakmepucmuxy,
ecm 1+...+ 1 (n pa3) He paBHO HYJIIO AJIs IFO6OTO HATYpaJbHOTO N. OTO
YCJIOBYE PaBHOCWIBHO TOMY, 4TO Iozuosne B K, mopoxzgeHHoe 1, MOXHO
OTOXKZ,ECTBUTH C I10JIeM pallMoHaIbHBIX yncesl. Hanpumep, nona Q, R u C
MMEIOT HYJIeBYIO XapaKTepUCTUKY. B ciydae, korza cymMma p eAUHMULL I10-
s K paBHa HY/IO U p — HanMeHbIIIee HATypaJIbHOE YHCJIO C 3TUM CBOMU-
CTBOM, TOBOPAT, 4TO nojie K nMeeT xapakmepucmuky p. Uurarenb Jerko
IIPOBEPUT, YTO YKCJIO p ABJIAETCA MPOCTHIM. YciIoBUe —1 =1 paBHOCWIBHO
TOMY, YTO XapaKTepUCTHKA II0JIA pPaBHA ABYM.

Ynpaxuenue 18. [IpuBezanTe npuMep O€CKOHEYHOTrO MOJIA XapaKTe-
PHCTHKH D AJIA TI060T0 IPOCTOTO YHCIA P.
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Bcrozy nanee Mbl npezmnonaraeM, 4ro K — 1ose HyneBOl XxapakTepu-
CTHUKH.

Teopema 6. IIycms G C GL, (K) — xoneunas nodepynna. Tozda anee6-
pa uneapuanmos K[x, ..., x,1¢ koreuro nopoxcdena.

M&I mpuBeZieM /iBa pa3InyHbIX JloKa3aTelbCTBa TeOpeMEI 6 (TpeThbe co-
JepPXKUTCA B yKa3aHUU K 3azade 37). B mepBoM fokasaTesbCcTBe, BOCXO-
asmeM K /. TuibbepTy, KoHeuHas MOPOXAEHHOCTb ajrebpbl MHBapUaH-
TOB BBIBOZAUTCSA U3 KOHEUHOU MTOPOX/J€HHOCTU NMOIMHOMUATIBHOIO Hzieana.
BTopoe zpokasaTenbcTBO IpUHAAIEKUT 3. HéTep. OHO OCHOBAaHO Ha OC-
HOBHOH TeopeMe O CHMMeTPUYEeCKUX MHOTOWIeHaX U JI0CTaB/AeT OL[eHKY
CBEPXY Ha CTENEHU IIOPOXKAAIOUIUX.

JoxkasarenbcTBo 1. PaccMoTpuMm oTobpakenue P: Klxy, ..., x,] —
- K[xq, ..., x,1:

P(F(xy, ..., X)) = |—(1;| S TFS0), .. SG0)).

SeG

Hec10XHO TIPOBEPUTH, YTO A JI00bIX F, H € K[xq, ..., x,] u f €K[xy, ...
.er» X,]° BHITIONHEHBI CJIE/IYIONTME CBOMCTBA:

P(F+H) =P(F)+P(H), P(F)e€K[xy,...,x,1°
P(f)=f, P(F)=fP(F).

B ywactHocTH, P npoektupyet K[xy, ..., x,] Ha K[x, ..., x,]1¢. B cury nu-
HelHOCTH Tpeobpas3oBaHuii U3 TPyHnsl G eciu MHOTOWIEH f (X1, ..., X,)
WHBapUaHTeH, TO MHBApHUAHTHA U KaXkZas €ro OJHOPOJHAas KOMIIOHEH-
ta. [lycte I —uwuzgean B K[xy, ..., x,], IOpOX/JEeHHBI BceMU OZHOPOZ-
HbIMM WHBapUaHTaMH IOJIOXXUTEIbHOU cTermeHU. Kak M KaKZAbIH neasn
B Kl[xy, ..., x,], ugean I mOpoxJeH KOHEYHHIM YKCJIOM MHOTOWIEHOB
fiseees f. DTH MHOTOWIEHBI MOXXHO CYMTATh OJHOPOAHBIMU WHBapHUaH-
TaMU.

YTBep:kzAaeTcs, YTO MHOTOWIEHH! fi, ..., f, TIOPOXKAAIOT anrebpy MHBA-
puaHTOB. YTOOHI B 3TOM YOEAUTHCS, LOCTATOYHO J0KA3aTh, YTO KaXKZABII
OZHOPO/JHBIN MHBAPUAHT f BBIpakaeTcs yepes fi, ..., f;. [[poBegeM MHAYK-
LIUIO TIO CTENIEHU M WHBapuaHTa f. B ciaydyae m =0 MHOrOwWIeH f ABIsgeTCA
KOHCTAHTOH U Hallle yTBep)KAeHHe crpaBemuBo. [Ipu m > 0 MHOTOWIEH f
MPUHAANEXUT | U UMeeT MecTo mpexcrasieHue f = h,f; + ... + h,f;,
hi...,h; €K[xy, ..., x,]. [IppMeHuB mpoekTop P K 06euM dYacTaAM Ipes-
craBnenus, nonyauM f =P (f)=P(h;) f; + ... + P(h) f,. [TockonbKy cTene-
HU f; TIOJIOXKUTENBHBI, CTETIEHN OJHOPOAHBIX UHBapUaHTOB P (h;) MeHbIe
m ¥ 1o TpeAIooXeHHuto HHAYKIUU P(h;) BelpakatoTcsa 4depes fi, ..., f;-
3HauuT, U f BRIpaXKaeTcs 4epes fi, ..., fi. O
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Jloka3aTenbCTBO 2. 3/IeCh I YIIPOIEHUS U3JI0KEHUS MBI OyeM TIpe-
mosaratb, yto K =C. Ham noTpebyeTcsi BCoMoraTelbHOe TPeAIoKeHHE.

ITpepnoxenne 4. [Tycms f (x4, ..., X,,) — 0OHOPOOHDLI MHO20WIEH CMie-
neHu m ¢ KomniekcHbimu koadduyuenmamu. Tozda dns Hekomopoao Ha-

mypanbHozo k naiidymca makue suHelinble MHO2OUNEHbL L = Z a;x;, j=
=1,...,k a; €C, umo i=1

flep, o x)) = LT+ + LY.

JlokasaTenbcTBO. PaccMoTpuM ciaydail n = 2. Beranucass xkoagpumnu-
€HTHI TpU moMoly 6ruHoMa HbI0TOHA M UCTIONb3ys ONIpeieIuTeNb Bataep-
MOH/Ia, JIETKO MOKa3aTh, YTO MHOTOWIEHBI X7, (X7 + )™, ..., (x; +mx)™
JIMHENHO HEe3aBHCHUMEI M, CJI€ZIOBATEIbHO, 06pasyroT 6a3uc MpoCTpaHCTBa
OTHOPOZHBIX MHOTOWIEHOB CTEITEHHU M OT IIEPEMEHHBIX X M Xy. DTO O3HA-
YaeT, 4TO /I IPOU3BOIBHOTO OFHOPOAHOTO MHOTOWIEHa f (X, X,) cTere-

HU M HaWAyTCsA TaKyue KOMIUIEKCHBIE YUCIA Ay, ..., Oy, YTO
FQxy, x3) = apx] +... 4o, O +mx)™ = (Box)™ +... 4+ (B (g +mx))™,
rae B =a.

ITpu n > 2 6yaeM BECTH WHAYKIMIO 110 n. JIOCTaTOYHO JOKAa3aTh, YTO

JII000# OfHOWIEH x1 x2 xn” CTENeHU M IPeJCTaBUM B HY)KHOM HaM BHJeE.

MO)KHO CYUTaTh, YTO i; = 1. [10o MpeANONOKeHUI0 UHAYKIIUNA OZHOWIEH

m—i m—i o
x x" npezcTaBuMm B Buge M, "+ ...+ M, ', rae M; —uHeiiHble

MHOTOWIEHBHI OT Xy, ..., Xp. OCTaeTCH BaMeTI/ITb, YTO, BHOBB I10 IIPEAIIONO-
JKeHUIO UHAYKIIVU, MHOTOWIEH x“M m=i MIpeZCTAaBUM B BHJI€ CyMMBI mM-X
CTeleHel TMHEHHBIX MHOTOWIEHOB OT x; u M;. O
Ilycte Temeps f(xy, ..., X,) = LT' + ... + L} — yKazaHHOe TIpe/icTaBe-
HUe OZHOPOZHOrO WHBapuaHTa f. IIpUMeHSA K 3TOMY IpeZACTaBIEHUIO
oTobpaxkeHue P, MBI TIOIy4aeM, 4TO f €CTh CyMMa BBIpa)KEHUI BHUJA

(m)
L™ (xq, - E L;i(S(x1), -ees e S )™,
j IGI
=6
IlockoneKy MHOrowieH Y™ + ...+ Y™ (s =|G|) aBnserca cummerpu-
YeCKMM MHOTOWIEHOM OT Y7, ..., Y;, er0 MOXKHO BBIPa3UTh 4Yepe3 ajieMeH-
TapHble CHMMeTpUYeCKre MHOTOWIEHH! OT Y7, ..., Y. DTO MOKa3kIBaET, YTO
L;m) (x1, -+, X,,) BBIp@XKAETCS Yepe3 MeMEeHTapHblE CUMMETPHUYECKHE MHO-
TOWIEHH! OT L; (S(x1), ..., S(x,)), KOTOpBIE ABIAIOTCA OZHOPOAHBIMU MHBA-
pHaHTaMH cTeleHu He Biiie |G|. [[poCTPaHCTBO MHOTOWIEHOB OT X7, ..., X;,
CTeleHu He Bhille |G| KOHEYHOMEPHO, U 1060 6asuc MOATPOCTPAaHCTBA
VHBApUAHTOB B 3TOM IIPOCTPAHCTBE SBJISAETCA KOHEYHOM CHUCTEMOH IO-
poxzaromux ansa Clxy, ..., x,1°. O
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CregcrBue 1. ITycms G C GL,(C) — xoneunas nodepynna. Tozda an-
2ebpa C[x, ..., x,]1 nopomdaemcsa uneapuarnmamu cmenenu e eviute |G|.

OTo ciefCTBHE 03BOMAET MOMYYUTh IPOCTON (HO 4acTO O4eHb TPYZJO-
€MKUI) aJropuTM JJjs IOCTPOeHHs KOHEYHOM CHCTeMBbI IOPOXKAAIOUINX
anre6prl MHBAPUAHTOB KOHEYHO IPYIIbl G: HY>KHO B3ATh BCE OJHOWIEHEI
OT Xy, ..., X, CTEIIEHU He Bblllle |G| ¥ IPUMEHUTDb K HUM IIPOEKTOP P.

3agaua 31. Ilyctb G — koHeyHas nogrpynna B GL,(C). Jokaxure,
YTO 3JIeMEHTHI

P(xxZ..x"), ij+iy+...+i, < |G,

nopoxzatot anrebpy C[x, ..., x,1°.

3agaua 32. JloKkaKuTe, UTO CJIEACTBIE 1 CipaBeIMBO HA/l JIFOOBIM TI0-
JieM HYJIEBOU XapaKTEePUCTUKHU.

3agaua 33. IlycTb A, C S, — noArpyImna 4eTHbIX IIepecTaHoBOK. Hali-
zuTe o6pasyrorye anre6pbl UHBApUaHTOB K[xq, ..., X 1.

3agaga 34. [lyctb K=C u ¢ € C — nepBoobpa3Hblil KOPEHb CTEIIEHU
n u3 eauHULBL. PaccMoTpuM rpynny G, HOpoXeHHY0 Ipeobpa3oBaHieM
x; — €5x7, X, — €5 x,, 1 <k <n— 1. Haiizure o6pasyromue anreGpsl UHBA-
puanToB C[x;, x,]6.

3agaua 35. Ilycte K=C u ¢ € C — nepBooOpasHbIil KOPEHD CTETIEHU
n u3 eAuHULEL. PaccMoTpyM rpynny G, MOPOXKAEHHYIO Tpeobpa3oBaHueM
X, — skxl, Xy — 8_kX2, 1<k <n-—1. Haiigute obpasyromue aaredprl vH-
BapuanToB C[x;, x,]°.

3azauya 36. Ilycte K=R u G —rpynna TpeTbero mopsiaKa, IOPOXK-
JeHHas Ipeobpa3oBaHUEM

1 V3 V3 1

X;p = —5X1t 5 X, Xy X T,

2 2 XZ.

Haiizute ob6pasyromye aare6psl ”HBapuaHToB R [x7, x,]¢.

3azaga 37. Ilycts K — mose moOXKUTEIbHOM XapaKTepUCTUKU U G C
C GL, (K) — xoHeyHas nogrpynmna. Jlokaxure, 4To aire6pa MHBapUaHTOB
K[x1, ..., X,]¢ KOHEYHO TIOPOX/IeHa. BepHO /i1, 4TO OHA OPOXkAAETCA UH-
BapWaHTaMU CTeIleH! He Beime |G|?

3azaya 38. IlpexanonoxuM, 4To KOHeuyHad rpymnmna G coBHazaeT Cco
cBouM KoMMmyTaHToM. Jlokaxkwute, uto K[xq, ..., xn]G ecThb anrebpa c ox-
HO3HAYHBIM pa3joKeHUEM Ha MPOCThlE MHOXUTENN. BepHO i ob6paTHOE
yTBepxKAeHue?
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[Mockonbky rpymmna G € GL, (K) geiictByeT Ha K[Xy, ..., X,,] TMHENHbI-
MU 3aMeHaMH IIepeMeHHBIX, OHA COXPaHsAeT MHBAPHAHTHOU KaXKAYI0 KOM-
noHeHTy anrebpsl K[xy, ..., X,,] OTHOCUTENIBHO CTAHAAPTHOU I'paZynpoB-
ku. CrnepoBarenbHO, K[x, ...,xn]G SIBJIIETCST OHOPOAHOU ToaIrebpoit
B K[xy, ..., X,]. B aToM nmaparpade MbI OJYyIUM SBHYIO GOPMYIY AJIS psAa
[lyankape 3Toii moganre6pel. Byzem npeamnonaraTh, 4To 0OCHOBHOE Toie K
apisgeTcs rnoneM C KOMIUIEKCHBIX YHCE.

Teopema 7 (®. 3. Monus, 1897). IIycms G C GL ,(K) — koHeuHas noo-
epynna. Tozda

G - L 1
P(K[Xlz '“:Xn] > t) - |G| ZG det(E_tg)-
ge

JoxkasarenbeTBo. [lycThb g, — AMHENWHBIN onepaTop, WHAYLMPOBaH-

HbIM anmeMmenToM g € GL, (K) Ha xomnoHeHTe K[x, ..., X,1,,. [lockonbky
1 G
Gl ZGgm — 970 1npoekTop u3 K[xy, ..., x,1,, Ha K[xy, ..., X,],, uMeem
ge

1 1 .
tr(ﬁ ng) =1 Ztr(gm) = dimK[xy, ..., xn]ﬁ.
geiG geG

Kak aymeMeHT KOHEYHOU I'PYIIIEI, OIlepaTop g UMeeT KOHEUHBIN MOPAJOK,
II03TOMY OH aHHYJIUPyeTCs HEKOTOPHIM MHOrodwIeHoM Buza x — 1. 3Ha-
9UT, MUHMMAa/IbHBEIM MHOTOWIEH omeparopa g AenuT x' — 1. Takue MHO-
TOWIEHHl HE MMEIOT KpaTHBIX KOPHEH, c/ieZloBaTelbHO, OTIepaTop g Aua-
roHaIM3upyeM. MoXXHO CYMTATh, YTO X, ..., X, — COOCTBEHHBIE BEKTOPHI
JUIs g, OTBevarolnre COOCTBEHHBIM 3HAYEHUAM A, ..., A,. TOTa KaXXAbIi
OZHOYWIEH xil...xf; TaKKe SBJISETCT COOCTBEHHBIM BEKTOPOM, OTBEYalo-
mUM CcOOCTBEHHOMY 3HaY€HUIO A‘f...ll"{l. [ToaToMy ciien omepaTopa gn,

i i . .
paBeH cyMMe Bcex A;'... A, [l KOTOPBIX i; + ... + i, =m. OKOHYaTeNbHO
ojy4aeM

Ztr(gm)tm = QA+ A2+ ) A+ At + A28 +..) =

m=0

. 1 _ 1
T (1-tA)...(A—tA,)  det(E-—tg)’

u
G _ . G,m_ 1 1
P(K[xy, ..., x,17,t) = ZdlmK[xl, N ) e e iG] ;ﬁtw—tg)' O
g

m=0
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3ameuanue 2. Bosee o61uii BapuaHT GopMyssl MoirHa TO3BOJSET
BBIYKCJIATh KPaTHOCTb BXOXKAEHMA AAHHOTO HEIPUBOAUMOIO IpeACTaB-
JieHus rpynnsl G B KOMIIOHEHTH anrebpsl K[xy, ..., x,]; cM. [20, Teo-
pema 2.1]. UuTaTenp MOXeT caM JOKa3aThb 3TO 0OOOLIEeHUE, HUCIIOIb3Ys
COOTHOIIEHNUA OPTOIOHAJBHOCTU JJIA XapaKTepoB KOHEYHBIX T'pPYII [3,
1. 11, § 4, Teopema 3].

3agaua 39. [Jokaxure, 4To popmysna MosauHa BepHa HaJ JOOBIM II0-
seM K HyneBoil XxapaKTepUCTUKU.

B HEKOTOPHIX CHUTyalUAX TeOpeMa 7 MO3BOJIAET AOKA3bIBATh, YTO JaH-
HbIM HA60p MHBAPUAHTOB MOpPOXAaeT are6py K[xy, ..., x,]1¢. /g atoro
ZOCTaTOYHO HPOBEPUTH, YTO psAZ [lyaHkape moganre6pbl, HOPOXKIEHHOMN
3TUMHU UHBapuaHTaMmH, coBnazgaet ¢ P(K[x, ..., xn]G, t).

IMpumep 11. Ilycts moarpynma G C GL,(K) cocTouT u3 4yeThpex Mat-
pui:

_ (10 _( 01 2 (-1 0 3_ (0 -1
=0 7): w=(50) =T 5) =1 70)
Torza

P(K[x, Xz]G, t) =

1 1 1 1 1 _
T4 (det(E— (B) T detE—o) T det(E — tM?) + det(E—tM3)) N

_1(_ 1 2 1 _ 1+t
- 4((1—t)2 tet (1+t)2) T a-a-ty

2402 £ 2.2 3
HeTpyaHO 3aMeTUTh, YTO MHOTOWIEHBI fi = X7 + X5, fo =Xx7x; mh=x7x; —
— X;X; VHBAapUaHTHBI, [IpHYeM f; U f, anreGpaudecKd He3aBHCHMBL
ITycte
Fy(f1, f2) +hE(f1, £2) = 0.

CremaeM 3aMeHy X; — —Xp, Xy — Xo. Torma Fi(fy, f5) —hF,(fi, f;)=0wu
F,(f1, f5) =F,(f1, f,) =0. 3uauur, nogmnpoctpanctsa K[ f;, f,] u hK[ f;, f,]
obpasyioT mpamyio cymmy. Ho psz [TyaHkape Takoii MPsSMOM CyMMBI COB-
nazaet ¢ P(K[x;, x,]%, t), moatomy f;, f, 1 h nopoxzator anre6py UHBa-
pHAHTOB.

IMpumep 12. YkarkeM ofiHO mprioKeHUe GopMysibl MorHa K 3aja4aM
KOMIUIEKCHOT'O aHaIu3a. DTOT IpuMep, KaK U IpeAbIAyIINi, 3aIMCTBOBaH
u3 pabotet [20]. [TycTs TpebyeTcs BHIUUCIUTD CYMMY

sk= Y, goap

wk=1w#1
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PaccMoTpyM DMKIMYECKyIO rpyniy G nopszaka k, IopoxaeHHYIo Tpeobpa-
30BaHUEM X — £X, Xy — £ ' X,, T7le £ — IIePBOO6Pa3HbII KOPEHb CTeNeH
k w3 egununel. Torzga

u S(k) = }in}(kP((C [y, %,1%, ©)

1 1
PCl, 00 =1 2 Gowoa—wo

weC,wk=1

1 o
“a-o2 ) C Apyroi CTOPOHHI,
k—1
Clxy, x,1¢ = @ xix;(C[x’f, x’;]
i=0

2 4 2k—2
P(Clx, 3,00, 1) = At

I/ICHOJILBYH IIpaBuiIo JloniuTaus, Imonmy4aem

Sk) = [

k(A4+2+ . 22— A+t ..+t )2 _e@®] _
A-02A+t+...+t1)? =1 YOl=1
(k—1)k(4k—5) (k=2)(k=Dk | k*(k=1)2
. QDH(t) . k 3 —2(k 3 + 4 ) _ k2—1
YO =1 2k? 12

3azaua 40. Brruuciaure cymmy

0= Y Goaw

wk=1,w#1
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B aTom maparpade npuBeeH MIpUMep TPYIIIBI JUHEHHBIX TPeobpaso-
BaHUI, anrebpa THBAPUAHTOB KOTOPOI He KOHEYHO MOPOXKAeHa. [1epBhIi
TaKOH pUMep, ABJIIOMINICA KOHTPIPUMEPOM K 14-i1 mpobieme I'nbbep-
Ta, ImocrpoeH Harartoit B 1958 rozay [17, 18]. Msl u3naraeM BepcHiO KOH-
cTpykuuu HaraTsl, npuHazyiexairyio Crefinbepry [21].

[Tycts K — mosie HyseBOU XapaKTepPUCTUKU. PaccMoTpuM BeKTOpHOE
IIPOCTPaHCTBO

V=VeV,®..eV, (9 ciaraeMsx),

rae Kaxzoe V, — 3To IByMepHOe apudMeTHIecKoe pocTpaHcTBo K2 ¢ Ko-
opauHaramu (x;, ¥;), 1 <i<9. Tem campiM anrebpa MHorowieHoB K[V]
Ha npoctpaHcTBe V ecTb anrebpa K[x;, yi, -.., Xg, Yol. IIycTs G, = (K, +)
U TpyIIa Gz =G, X Gy X ... X G, (9 MHOXUTeJel) AelicTByeT Ha IIpo-
cTpaHcTBe V Kak X; — X; +¢;;, ¥; — ¥; A1 Beex (cy, ..., Co) €Go.

3agaua 41. JJokaxkure, 4TO anrebpa UHBAPUAHTOB

K[xly yl: LRES] x9: J’9]G2
coBmazaer ¢ noganrebpoit K[y, ..., Yol.
9
3adukcupyem Habop (ay, ..., ag), 1A @, €K, a; #a; Ipui#j u dla;#

i=1
#0. PaceMoTpuM B G) noarpyniy G = G®, 3aganHyio ycroBuaMu

¢ =0, Zaici =0, Zafci =0.

1 1

9
i=1

9 9

=1 =1
IIycts H = GT — pacmuupeHnue rpyumnsl G Ipyu nomMmoumy rpymmusl T npe-

obpa3oBaHuil BUAa X; — t;X;, ¥; — t;¥;, TA€ tq,ty, ..., tg — IPOU3BOIbHbIE

j1eMeHTHI 10714 K, /711 KOTOPHIX tqty...tg = 1. I'pynnsl G u H peanusyrooTcs
MmaTpunamu 18 x 18:

10 0 t; O 0

¢ 1 tic;

0”10 . L

co 1 toCo o
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Teopema 8 (M. Harara, P. Creitn6epr). Anzebpa unsapuanmos K[V ]
He 518J151eMcsl KOHEUHO NOPON#OeHHOTL.

Pa3obbeM 10Ka3aTETbCTBO TEOPEMBI 8 HAa HECKOIBKO JIeMM. [10/I0KUM
Yi=yy,..you
9

9 2 :
ARE inyl...f/i...yg = Z%, Z, :=Z%, Zy = Zai;iy.

i=1 i=1 i=1 i=1
fAcno, uto Y, 74, Z,, Zs €K[V].
Jlemma 12. Mot umeem Y, Zy, Zo, Z5 €K[V]H.
JokasaTesbCcTBO. /[0OCTaTOYHO 3aMETHUTh, YTO

Y — (t1J/1)(t2J’2)-~-(t9J’9) = (t1t2.--tg) (V1 Y2---Yo) =Y

9 9
(t;x; —l—ctyl)Y x;Y .
ZﬁZ D Ikl DI LEEE

i=1 i=1

a; (t;x; +c;t; )Y 2 a;x;Y 2
Zz—>Z o ;T"‘(;aici)YZZz;
a?(tx; +¢ ty,)Y 2\ dBx,Y 2
- Z o TR (Z al.sci)Y =7, O

i=1 i=1

Jlemma 13. Hmeem mecmo pageHcmeo
KIV1® = K[VINK[Zy, Zy, Z5, Y, Y 1.
Joxa3zaTtenbcTBo. 'pynmbl G 1 H eCTECTBEHHO ZEMCTBYIOT Ha anrebpe
A:=K[Xq, vy Xg, Y1, o> Yo, Y 1. Tlonoskum W, := % Toraa x;=y,W;Y 1,
MTO3TOMY
A =K[W;, Wy, Wa, X4, ..., Xg, Y15 -++5 Vo5 Y.

9 9
Nanee, Zy =Y\ W, Zy =Y, a;W;, Z3= Y, a’W,. [lepeHyMepOBaB 2l€MEHTbI
i=1 i=1 i=1

aq, ..., dg, MOXXHO CUHUTATh, 9YTO OIIPEAE/IUTED
1 1 1
a a; das | = (az _al)(a3 —al)(a3—a2)(a1 +a2+a3)
3 3 3
al a2 a3

oTamdeH oT Hynad. Torga Wy, W, u W; MOXXHO BBIpasUTh Kak JIMHEHHBIE
bYHKIMY OT Z1, Zy, Z3, Wy, ..., Wy. DTO TIOKa3BIBaET, 4TO

A:K[Z]7227237 Xg5 +e05 X9, Y15 -+ Y95 Y_1]~ (3)
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PaccmoTtpum nogrpymnny G, C G, 3aJaHHYI0 YCIOBUAMU Cs = ... = Cg = 0.
BHOBb B CHJIy YCJIOBUS Ha OIIpeAENUTENb A Jtoboro ¢, € K Halizercs
POBHO OJMH Takoi Habop (cy, ¢y, C3), UTO (Cq, Cy, C3,C4, 0, ..., 0) €G. Bce
obpasyromye anreO6pel A U3 cooTHomeHuA (3), 32 UCKIIOYEHUEM X4, HE
U3MEeHAIOTCA Noj, AelicTBueM Gy, TOTAA KaK X4 — X4 + C4Y4. DTO TOKa-
3BIBAET, YTO 3eMeHT F(Zy, Zy, Z3, X4, -+, X9, Y15 -5 Yo, Y~1) € A aBnsercs
G4-MHBapUaHTHBIM TOIZIa U TOJIBKO TOT/A, KOIZla OH He 3aBUCUT OT X4. Pac-
cmarpuBad G, ..., Gg, MBI IIOK&XXeM, 4TO G-UHBAapUAaHTHl He 3aBUCAT TaK-
Xe OT Xs, ..., Xg. C APYTOM CTOPOHBI, 3JeMEHTH Zq, Zs, Z3, Y1, -+, Yo, y~!
ABNAIOTCA G-MHBAPUAHTHBIMY, TToaToMy AS =K [Z;, Z,, Z3, Y1, --- Y95 Y.
JnemeHT (tq, ..., ty) € T yMHOXaeT OLHOWIEH ZfIZSZZSByfl...y;’E’ (Y )¢ Ha

by—c bg—c o
t;' "...ty . Tako# ogHOWIeH T-WHBapMaHTEH B TOYHOCTH TOT/A, KOTAa

b, = ... = by, moatomy A" =KI[Z,,Z,,75,Y, Y ]. HakoHell, U3 BKJIIOYe-
uusa K[V] C A creayert, uto K[V]H =K[V]nAH, O

JlemMma 14. Onemenmst Zy,Zy, Zs, Y € K[V] anzebpauuecku Hesasu-
CUMBbL.

JoxkasarenbcTBo. [lycth B :=K[xy, ..., Xo] — anrebpa MHOTOWIEHOB
HaJ TOJIEM paloOHAaNbHBIX Apobeit K :=K(y;, ..., ¥y). [Io mocTpoeHuto
JNEeMEeHTHl X, ..., Xg JTOH anrebpsl anrebpamyecKy He3aBUCHMEL. 3aMe-

x;Y Y
UM, 4Tto W, = J‘/— OT/INYAeTCA OT X; Ha KOHCTaHTy 3_/ € K, noatomy aie-
i i

L

meHTH Wy, Wy, Wy, Xy, ..., Xo anrebpandecku HeaaBUCUMEBI Haz K. Jlanee,
MOCKOIbKY Habopsl {W;, W,, W3, X4, ..., Xo} U {Z;, Zy, Z5, X4, ..., Xo} TIO-
JIyY9aroTCsA APYT U3 Apyra obpaTumMoil K-nuHeNHON 3aMeHOM, 31eMeHThI
21,29, 23, Xg, ..., Xg (2 3HAYUT, U Z1, Zy, Z3) aNreOpanuuecKy He3aBUCUMBI
Hazg K.

[IycTh Tenepb

F(Zy,Z5,25,Y) = Y. fi(Y)Z{Z3Z5 =0.
I=(iy,13,13)

Torza f;(Y) ABASAIOTCA HyJIEBBIMUY 3/leMeHTaMu 1o K, ¥ T03TOMY MHOTO-
yneH F HyneBoH. o

Jlemma 15. Hmeem mecmo pageHcmeo
f' (ZII ZZ; Z3)
H __ J
J

20e f; — 00HOPOOHDbLU MHOZOWNEH OM Z1, Z5, Z3, KOMOpblil Oenumces Ha Y™
8 anzebpe K[V].
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JlokasaTenscTBo. [Io semme 13 10608 MHOrowieH F € K[V ume-

fj (Zlﬁ ZZ; Z3)
€T BU/, Z T, rae MHOI'o4wieH fj’ MOXHO CYUTAaTb OJHOPOAHBIMU

CTeIleHU dj 1o Z4, Z5, Z3. Ham Hy>XHO IIOKa3aThb, 4TO fj (Z1, Z5, Z3) penutca
Ha Y™ BK[V]. MOXHO CYUTATh, UYTO MHOTOWIEH F SBIAETCA OJHOPOJHBIM

CTeneHu d 10 COBOKYITHOCTH IIEPEMEHHBIX X1, ..., Xg, Y1, -+, Yo. CTEIIEHb
f:j(Zl: ZZ’ ZB)

BBIDKEHUA ~——ym— 10 NEPEMEHHBIM X1, ..., X9 PaBHA d;, a mo me-

PEMEHHBIM Y, ..., Yo PaBHa 8d; — 9m;. Tlostomy d = 9(d; — m;), u, 3Ha-

YUT, dj OAHO3HAYHO OIIpEAEC/IAETCA I10 mj ud. CJIeZ[OBaTeJIbHO, BbIpaxxe-

fZy, 25, Z3) . .
T COBITaZa€T C OAHOPOAHOW KOMIIOHEHTHONU MHOT'OWIEHA F

IO TepeMeHHBIM X7, ..., X9 U 03TOMY npuHagiexut K[V]. O

HHE

Onpepenenue 16. HeHyneBoit MHOTOWIeH F (X, y) UMeET HY/b NOpsio-
Ka He HUxce m B Touke (@, 3), ecyiv OH JOIyCKaeT 3aIuch

Fx,y)=F,(x—a,y—B)+F,(x—a,y—p)+...

rae Fk—HeKOTOpI)II/I OZ[HOPOZ[HBII/I MHOI'OYIEH CTelleHHu k oT ABYyX II€epe-
MEHHBIX.

JlemMma 16. Hemynegotll 00HOpOOHDbLIL mHoz2ouneH f(Z,, Z,, Z3) cmene-
Hu d om nepemenHbixX Zq, Zo, Z5 Oenumcs Ha Y™ mozda u moavko mozda,
AP
Z°Z,) Zd
., (aq, 9) HYZU nops0ka He MeHbule m.

K020a MHO20UJeH | ( umeem 6 moukax (a;, af),

,Z[OKaBaTeJII)CTBO. Cﬂe]’[aeM 3aM€EHY ITIEPEMEHHBIX
/_ /_ /_ 3
Zl _Zl’ Z2 —Zz_alzl, Z3 —Zg_alzl.

[Tocse aToro Touka (a, arf) MePeMECTUTCS B Ha4aylo KoopAauHar. Jlanee,

Y
21:X1;+J’1U1: Z§=J’1U2: Zé=J’1U3,
e
x,Y xXoY XxXoY
U="2+4.+2, Uy=(a,—a +...4(@—a
17y, N Yo 2= (@ )yy (9 1)yy

Us = (®—a _ .3
3= (a; )yy+ +(a a)

fAcno, yTo MHOrowieHsl Uy, U,, U; He 3aBUCAT OT ;. B 3anucu
f21, 24, Z3) = fu(Z0, ZDZY ™+ fri1 (25, ZDZT 4
m+1

BCE WICHBI HAYWHasA CO BTOPOT'O JAEIATCA Ha Y, , a HepBbeI YWIEH MMEET

d—m
BUA Y," fr (Ua, Us) (xli +n Ul) . U3 ycnoBusa Ha omnpezenutesnb (cM.
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A0Ka3aTeJIbCTBO JIEMMBI 13) CIeAyeT, 9To
K(XZ, ooy XQ) = K(Uz, U3, X4, ooy XQ),

rae K =K(yy, --., Yo). 3HauuT, U, u U; anrebpandecku He3aBUCUMBI Hag K
(n Haz K). [TosTomy 13 ycnoBus f,, (Zé, Zé) # 0 creayer, uto f,,(U,, U3) #0
KaK MHOTOWIeH OT X; W Y;. Mrak, MakcuMaJbHasd CTeleHb dJe-
MeHTa Y;, Ha KoTopyto Aenurcs f(Z,, Z,, Z3), paBHa TMOPAAKY HYJIs MHO-
ZZ Z3
Z,’ 7,
(ay, ag), ..., (aq, ag), TOJTIy9aeM yTBEPXKAEHUE IeMMEI. O

Jlemma 17. ITycmb HeHynesoll mHozouneH F (x, y) cmenenu He 8bliue 3m
uMeem Hysau nopsioka He MeHbule m 8 moukax (a,, a?), ..., (ao, ag). Toz0a
F(x,y)=A(y —x*)™ A€K\ {0}.

Jloka3arenbcTBO. bByzeMm paccyxzaTh WHAYKOMENH mo m. B ciyuae
m =0 MHorowieH F(x, y) ABsAeTcsA HEHyJeBOM KOHCTAaHTOM U yTBepxke-
HUe oueBUAHO. [Ipu m >0 paccMOTpUM 3aIuch

— 3m 3m—1
Flx,y) =co)y’"+c1(x)y + .oy, ().

[To ycoBHIO CTENEHh MHOTOWIEHA C; (X) HE TIPEBOCXOAWT j. 3aMeHa y — X
npuBoAMT K MHorowneHy F(x,x3) = cox”™ + ¢ (x)x7™ 3 + ... + 3, (%),
COBIIAZIAIONMEMy C OCTaTKOM OT AeneHus F(x,y) Ha y — x°. MHoOrowieH
F(x, x®) penurcs na (x — a;)™, TIOCKOJIbKY BBIpaKeHHe (X — ai)k(y — ai3)p
HocJie 3aMeHBl y — X° Aienures Ha (X — ai)k+p. Utak, MmHOrOwIeH F (x, x°)
pemures Ha (x —aq)™...(x —ag)™. CpaBHUBAA CTENEHH, NTOydaeM

coX”™ + ¢ () X734+ ey () = colx —ap)™...(x —ag)™.
KoadpouruenT npu x°™ ! B neBoit yacTu paBeH Hy/IIO, TOTAa Kak B IIpa-

9
BOM YacTH OH paBeH —cCyMm Z a;. OTcroga cnezyert, 9To ¢y =0, 1, 3HAYUT,
i=1

F(x,y) aemurcsaiHa y — x°. IIOCKONIBKY y — X

rouwieHa f ( ) B Touke (a;, a?). PaccmaTpuBas aHaJIOTMYHO TOYKH

3

® nmeer B TOUKaX (a;, a) Hy/b

F(x,y)
nopazaka 1, Mel MOXXeM IIPUMEHUTh K YaCTHOMY y—’xy?’ TIPEATIONOKEHNE

WHAYKIUY U TONYyYUTh TpebyeMoe yTBepiKIeHHe. O

Jlemma 18. 1. BekmopHoe npocmpaHcmeo MHO20WIEHO8 CMeneHu He
eblule d om nepemeHHbIX X U Y UMeem pa3mMepHOCMb
o2 _ @@+
d+2 2
2. ITlyeme d = m. Tozda npocmpanHcmeo MHO20UIEHO8 CieneHll He Bbl-
we d, umerowux 8 0aHHOU mouke P Hy/1b nopsadka He 8bllle M, Umeem pas-
MepHOCMb

2 2
Cd+2 - Cm+1'
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Joka3zarenbcTBo. 1. Hazo cocumrare yuciao map (i, j) ¢ UeabIMu
i,j=0,i+4+j<d. s sroro BBeZeM PUKTUBHOEe ciaraemoe k=d —i—j.
Torga d =i+ j+k, i,j,k > 0. Paccmorpum d + 2 Kpy)XO4UKa, pacIioyio-
’KEHHBIX B psAJl. 3aKpalllMBaHUeE JIBYX U3 HUX OINpeZenseT pa3buenue d Ha
3 HEOTpHUIIATENbHBIX CIaraeMbIX.

2. Tlocne caBura TOYKW P B HaYajso KOOPJAWHAT yCJIOBHE Ha TOPAJOK
HYJIA 3alaeTcsa obpalieHueM B HYJb Ci 41 K03bOUIMEHTOB MHOTOYIEHA.

O

Jlemma 19. Ilycms d = 3m. Toeda npocmpancmeo MHozowneHos F (x, y)
cmeneHu He eblwie d, UMEOWUX HYAU NOpsOKA He 8bllle M 8 MOUKAX

3 3
(a1, ay), ..., (ay, ag), umeem pasmeprHocms
2 2
Cd+2 - 9Cm+1'

JoxkasaresnbcrBo. [lo mpeapiayliell jeMMe pasMepHOCTb IPOCTPaH-

2 om*>+9m+2
CTBa MHOTOWIEHOB CTelleHU He Bhille 3m paBHa Cj 2= 5
5 9m*+9m
Torza Kak 9C; ., = - [To 1emMme 17 mpoCcTpaHCTBO MHOI'OYIEHOB,

VZIOBJIETBOPSIONIMX HANIUM YCJIOBUSAM Ha TOPSAAKU HyJEeW, OJHOMEPHO.
CiiegoBaTebHO, 9C31 1 JIMHEWHBIX ycIoBUHM Ha F (X, y) OKa3bIBAIOTCA JIH-
HelfHO He3aBUCUMBIMU. [Ipu d > 3m yKa3aHHbIe YCJIOBUA TaKXKe JMHEHHO
He3aBHUCHUMBI, ITOCKOJIbKY OHU JIMHEWHO He3aBUCHMBI IIPU OrpaHNYeHUU

Ha IOJIIPOCTPAHCTBO MHOTOWIEHOB CTEIIEHU He BhINIE 3mM. O
Jlemma 20. Cywecmayem mHozouneH F(x,y) cmeneHu 3m+ 1, umeio-
wuti 8 moukax (a, a?), ..., (a, ag) HYZIU NopsA0KA He MeHblle M U He 0esisl-
wuiica Ha y — x°.
JokasaTeabcTBO. [IpoCTpaHCTBO MHOTOWIEHOB CTEIIEHM HE BHIIIE

3m+ 1, uMerImKX Hy/IU NopsAgKa He MeHbllle m B Toukax (a;, a?), UMeeT
Pa3MepHOCTh

2
C3m+3

_ (Bm+3)B3m+2) _9(m+1)m

2 —
-9c2, = 5 5 = 3m+3.

HOﬂHpOCTpaHCTBO U MHOT'OWIEHOB, YAOBJ/IIETBOPAIOIINX 3THUM YC/IOBHUAM
" JCJAINIUXCA HA Y — XB, UMEET pasMEPHOCTDb

3m@Bm—1) B
2

m(m-1)
9 5 =3m

2 2 _
C;,—9C, =

(3TO pa3smMepHOCTb MPOCTPAHCTBA MHOT'OUJIEHOB CTENIeHU He BhIlle (3m +
+ 1) — 3, umeromux B Toukax (a;, ai3) HyJIU TIOpsiIKa He MeHblne m — 1).
TeM caMbIM MOATIPOCTPAHCTBO U ABISETCI COOCTBEHHBIM. O
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Jloka3areabcTBO TeopeMsI 8. ITycts anre6pa K[V]H koreuno moposx-

neHa. JlemMMa 15 mo3BosIsieT BBIOpATh CUCTEMY 0Opa3yroinx BUAa
2 3
S = leS_Zz fZy1, 25, 2Z3) 121,25, Z3)
- Y s Ym LR Ymr s

rie fj(Zl, Zy, Z3) nenarca Y™ B K[V]. MO)XXHO CYUTaTh, ITO fj(Zl, Zy,25)
fj (Zl’ ZZ’ ZS)
T Ha

He JeATcA Ha Zst - Zg, WHaYe 3aMEHUM 00Pa3yIoNIyIo
[i(Zy, 25, Z3)
(2225 —Z3)Y™ 1"
Zy,Zy, Z3. CornacHo nemme 17 st Bcex m; > 0 BBIIIOIHEHO HEPaBEHCTBO
d;>3m;. JIerko BUAETb, YTO STO HEPABEHCTBO BBIIOJIHEHO U TIpu m; <0,

IIOCKOJIBKY MBI MOXXEM CUUTATh, YTO S HE COAEPKUT KOHCTAHT.
3adukcupyeMm yucao m > max(mg, ..., m,). Jlemma 20 obecreuyrBaer
cylecTBOBaHHe MHOrowieHa F (x, y) cTeneHu 3m + 1, uMeroliero Hy/1u Io-
pAZKa He MeHbllle m B Toukax (a;, al.3) U He JlenAmerocs Ha y — x°. IIycTb
f(Zy, 2y, 2Z5) :=F(§—j, ;—T)meﬂ. ITo nemMe 16 BhIpakeHUe W
onpeziensiet aneMenT anre6per K[V]H. IMokaxem, uTo oH He BeIpaxkaeTcs
4yepes 3JIEMEHTB MHOXECTBA S. B caMoM JZejie, eciid Takoe BbBIpaXKeHUE
CYLIECTBYET, €T0 MOXXKHO CYUTATh OZHOPOAHBIM II0 IIEPEMEHHBIM Z1, Z,, Z3
U 1o nepeMeHHOHN Y (3mech ucnombayercs jsemMma 14). [TockonbKy f He
JleNnuTcsa Ha Z fZ3 - Zg, B JaHHOM BBIDQXEHUHU MMEETCA WIeH, He BKJII0Ya-
7227,-73 fi(Z1, Zy, Z3)\ &

J
#2. Tycts a10 A | v ) , €K\ {0}. INpupas-

HHUBAasA CTENEeHU 110 Zq, Z,, Z3 U TI0 Y, IIosry4aeM

ijej=m. (5)

Torza pacemotpuM BeipaxkeHue (4) — 3(5) U noayduMm Z(d i~ 3m j)e 5= 1.
IMTockomnbky d j—3m; >0, MbI 3aKJII0Ya€EM, YTO POBHO OJHO €;, CKAKEM e oo
paBHO 1, a mpouue e; paBHbI Hy/O. M3 COOTHOLIEHUS (5) cnepyet, uro
m=m; , 9TO NPOTUBOPEIUT BBHIOOPY M. DTO MPOTUBOpPEYME 3aBEPIIAET
ZI0Ka3aTeJIbCTBO TeOPEMHI 8. O

HYCTB dj — 9TO CTEII€Hb MHOI'OWIEHA f] OTHOCHUTEIBHO

TOIIUI

Yopaxkuenwue 19. HailiguTe B Z0oKa3aTelbCTBe KaK MOXKHO OOJbIIe
MECT, I/le CYIIeCTBEHHO UCIIONb3YETCS TOT GaKT, YTO YHCIIO TodeK (a;, al.3)
pasHO 9.

ByzieM roBopUTh, UuTO anrebpa A rpaJyupoBaHa HEKOTOPOU TPyIIoi M,
ec/IM 3a/jaHo Takoe pasnokeHne A=, , A, B IPIMYyIO CyMMy BeK-
TOPHBIX MOATPOCTPAHCTB, YTO A, A, COAEPKUTCA B Ay [JIA JTHOOBIX
m,, m, € M. B 3ToM ciy4ae anrebpa A HasbiBaeTcss M-2padyuposanHoll.
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Yopaxnenue 20. IToxaxure, 4TO rpaZlyupOBKU U3 OlpeZiesieHuA 1 AB-
JIAIOTCA YaCTHBIM ciay4aeM M-rpasyupoBok. Kakyro rpymnmny M 3xech HyX-
HO paccMOTpeTh?

B 3ak1rounTeNbHOM YacTH J0Ka3aTeIbCTBA TeOpEMBI 8 HEABHO UCIIONb-
30BaHa Z2-rpagyupoBka Ha anre6pe uapapuanTos K[V]H. B creayromeit
3aziadye Mbl GOPMYJIMPYEM COOTBETCTBYIOILIEE YTBEPKAEHHUE SIBHO.

3aga4da 42. Ilycte A= @(a,b)ezz Awap — 72-rpagyupoBaHHas anre6-
pa, YAOBIETBOPSAIOLIAA CIEAYIOLUM YCIOBUAM:

—Apn#0=>a=0,a=3b;

—dim A3, ) =1 mpu Bcex b = 0;

— A@pr1p) 7 Asb-25-1A@,1) TPA BCex b= 1.

JoxaxuTte, 4yTo anrebpa A He ABIAETCI KOHEYHO MOPOXKIEHHOM.

3azaua 43. JlokakuTe, 4TO anrebpa MHBapUaHTOB K[V]® ue sBiset-

€1 KOHEYHO IIOPOK/JeHHOM.
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L Ilycte 1=a; +... +a;, j; <... <Jj;. Toraa u3 la; =a; crenayer,
uro j; =0 u qj, a; = 0 mmpu p > 1. OcraeTca BOCIONb30BAThCA TE€M, 4TO
la J =aQ-

2.a) Ecmm be A,, b#0 u s >0, To muHetinas obonouka (cbd: c,d € A)
COZIEPKUTCS B CyMMe KOMITIOHEHT CTelleHU He HipKe s. C Ipyroil CTOPOHBI,
[JIs1 HEHYJIEBOI MaTpuilbl B unetinas obonouka (CBD : C, D € Mat,,,,(K))
coBmazaet ¢ Mat,,, (K).

6) HempepsiBHas GpyHKIHA 06paThMa TOT/la U TOJIBKO TOT/Ia, KOT/la OHa
HUTZe He obpaiaeTcsa B Hy/ib. HempepbiBHas ¢yHKuusa Ha oTpeske [0, 1]
orpaHU4YeHa, MO3TOMY, MPUOABIIAA K JTI0OOMY 3l1eMeHTy Halllel aare6pbi
TTOAXO/IATIYI0 KOHCTAHTy, MOXKHO IOMYYUTh 0OpaTUMBIN 27eMeHT. [IycTh
nMeeTcs HeTpUBHaMbHasA rpazyupoBka C[0,1] =A= @520 A, 1 a€ A,
k > 0. Torga gna mogxoasiied KOHCTAHTHI A HaWJEeTCs TaKOM 3JIEMEHT
b=by+b;+...+ Dby, uto (a+ A)b=1. Orcroga cnexnyet, 4T0 by = A —
HeHy/leBasd KOHCTaHTa, b, MponopiuoHaneH a, by, MpomopiuoHaneH a’
U T.Z., @ IpOYMe KOMIIOHEHTHI 3JeMeHTa b paBHBI Hyn0. PaccMoTpuTe
CTapIyt0 KOMIIOHEHTY TIpou3BeZieHus ab.

3. Paccmotputre A=K[x]/ (x?) u anemenT 1+ x. [TokaxuTe, 4YTO B aj-
rebpax 6e3 fenuTeneil Hy/iA TaKOH IIpUMep HEBO3MOXKEH.

4. a) Vi3 KOHEYHOH MOPOXKIEHHOCTH anrebpsl A ciieAyeT, 4To A TO-
POXJaeTcsl MOAIPOCTPAHCTBOM 69:1:1‘45 JUIT HEKOTOPOT'O0 HATypaJbHOTO
m. fIcCHO, YTO B JIFO6YI0 OJHOPOAHYIO CUCTEMY 06Pa3yroIInX AOKEH BXO-
JIUTb HEKOTOPBIN 6a3uc MpocTpaHcTBa A;. /lanee OyieM CTPOUTb MUHU-
MaJIbHYIO CHUCTeMY O6pas3yIoIUX WHAYKTUBHO. [l TpOU3BOIbHOTO k > 1
paccMoTpuM B A, moAmpocTpaHcTBO Uy, IOpOXKAEHHOE IPOU3BEJEHUsA-
MU Ajl...AjP, rae j;+...+j, =k u j; =... > j, > 0. 3amerum, uro Uy
He 3aBHCHUT OT BbiOOpa obpasyronux. JJoCTpOUM HEKOTOPHIH 6a3uc mpo-
cTpaHcTBa U, Ao 6a3rca mpocTpaHCTBa Ay ¥ 106aBUM Ga3CHBIE BEKTOPHI
K cucteMe obpasyiomux. [locie TOro Kak Mbl Z0HAeM 10 k =m, MbI TTOJTy-
YUM MHUHUMAJIBHYIO CUCTEMY ObOpasyromux aarebpesr A. JJOKakuTte, 4TO
MPOU3BOJIbHASA OAHOPOAHAA CHUCTeMa OOPasyIoIIUX COAEPKUT HE MeHee
dim A;, — dim U, asieMeHTOB cTeneHu k.

6) PaccmoTpute A=Ay, =K[x, y]1/(xy —1) ma; =x?%, a, =x3, a;=y°.

5. Ilycth S C Z, — IOAMHOXECTBO, MpUYeM S + s’ € S 1A 06X
s, s’ €S. Mcnonb3ysa NoHATHE HauboJIbLIEro OBILEro JeauTe s, JOKAKNTE,
YTO HaiiJeTcs KOHEeYHBIH Habop s, ..., S, IEMEHTOB U3 S, CKIaZbIBas
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(MHOTOKpPaTHO) KOTOpbIE MBI ITOJIyYUM Bce aieMeHThl S. IIycTh Temepb
P CcK[x] —nozganrebpa, S — MHOXXeCTBO CTelleHel BCEBO3MOXKHBIX MHO-
rOwIeHoB u3 P, s4, ..., S, — IIOCTPOEHHBI BhIllle HAGOP U g1, ..., g, — IPO-
M3BOJIbHBIE MHOTOWIEHBI U3 P, yzoBiIeTBOpsiolue yciaoBuio degg; =s;.
[IpoBepbTe UHAYKIUEN 10 CTEIIEHM, YTO KaXKbIH 3JIeMeHT U3 P BeIpaxka-
€TCsT KAK MHOTOWIEH OT g7, ..., &n-

MOXKHO OmHCaTh Bce ajarebphl, B KOTOPHIX Kak/asn mojairebpa KoHed-
HO TIOPOX/IEHA, a TaKKe MOIyYUTh G-DKBUBapUAHTHBIM aHAJIOT 3TOTO pe-
3ynbTaTa, rae G — HeKoTopas JuHelHasA Tpymna aBToMopGU3MOB aire6-
phL, cM. [9].

6. Ilyctb anre6pa KOHEYHO IMOPOXKZAeHA. MOMKHO CYHTATh, YTO KO-
HEYHas CHUCTeMa MTOPOXKAAIOIINX COCTOUT U3 OJHOWIEHOB. [IycTb m — 3T0

MaKCUMaJbHOE 3HAaYeHHe OTHOI.T.IeHI/IH i l'IO BceM o6pasyromuM x'y’. Jlo-
KaKUTe, 4TO A1 moboro xKy* € A I/IMeeM
BOPEUHIO.

7. Oto pemeHue npegioxwia Kapunas Kyromxkuas. [IycTe B HEKOTO-
poli OZIHOPOAHOM cucTeMe 0OPa3yIIUX dy, ..., d, aIre6pbl A 2I€MEHTHI
VMMeIOT CTeleHu dy, ..., d,. ITonoxum m =nkK, rage K — HauMeHbIee 06-

k <m. 31O IIPpUBOAUT K IIPDOTHU-

wee KpartHoe uncen di, ..., d,. IlycTb OfHOWIEH aj .. a,‘;" VMeeT CTeNeHb
idi+...+i,d,=pnK, p= 2 ,ZLOCTaTquo JI0OKa3aTh, YTO HAUAYTCA Takue
Ijesible HeoTpHUIaTeNbHbIe YUCHA j; iy, ..., Jp Sy, 9TO jidq + ...+ j,d, =
=nK. PaccmoTpum ocTaTku t, OT Aenenud i.d, Ha K. Torza t; + ... +t, =
=cK, ¢ <n.IIpubassis nocie0BaTeIbHO K YUCIaM t, 9ucio K Tak, YToObI
pe3y/bTaT He IPeBOCXOANT i.d,., MBI yBeIMIMBAaeM 3HaYeHHe CyMMBI Ha K,
IoKa He mony4yum nk.

Crnenytomuii npumep, HabizieHHblii . V. BorZaHOBBIM, MOKAa3bIBAaET,
yTo m = K monoxutpb Henbsd. Ilycts dy =1, dy =6, d3 =10 u d, =15.
Torga K =30 u cymmy

1+6+6+6+6+10+10+15=60

HeJb3s pa3bUTh Ha ZIBE MOACYMMBI, paBHbie 30.

B kuwure [1, r. 111, § 1, mpeamnoxenne 3] f0Kka3aHO, YTO YHCIIO M MOXKHO
moAo6paTh Tak, uTo ml-paspexenue aarebpsl A 6ygeT cTaHZAPTHBIM IS
qoboro [ = 1.

Jl7Is1 3HaTOKOB OTMETHM, YTO VTBEpXKAEHUE 3a/layMl MOJIe3HO B ajireb-
pauvecKol reOMeTPUH: OHO IO3BOJISIET 0KA3aTh, YTO B3BEIIEHHOE IPO-
€KTHUBHOE MPOCTPAHCTBO ABJIAETCS MIPOEKTUBHBIM MHOTO0Opa3ueM.

8. Xopomro ussectHo (cM. [3, 1. 9, § 6]), 4To ecinu n 37€MEHTOB IIO-
poxzarot anrebpy A =K[xy,...,Xx,], TO 9Th 2/eMeHTH ajrebGpandecKu
He3aBUCUMBI. [l Ka)XK0T0 Habopa CBOOOJHBIX TIOPOXKAAIOUINX aarebpsl
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A obo3HayuM yepe3 N 0o6Illee YHUCIO OHOPOJHBIX KOMIIOHEHT 3JIEMEHTOB
Habopa. IIycTb ¥, ..., ¥, — CBOOOJHBIE TIOPOXKAAIOIINE, AT KOTOPHIX 3HA-
yeHue N MuHumanbHo. Torga yy, ..., ¥, He coZiep:kaT KOMIIOHEHT Hy/IeBOM
cTeneHu. [IpeAnonoKuM, 4TO 37IeMeHT y; HeogHOpoZeH. Hukakasa KoMIo-
HEHTAa 3JIeMEHTa y; He BBIpaXXaeTcs 4epes3 Yo, ..., V,, HHade MOXKHO 3aMe-
HUTH y; Ha pa3HOCTh y; ¥ MHOTOWIEHA OT Yy, ..., ¥y- [IyCTh 2 — KOMIIOHEH-
Ta 2JeMeHTa Y, HauMeHblllel crenieHU. [TlokaxkeM, 4TO Z, s, ..., ¥, ITOPOXK-
AarT A. 11 3TOro 0CTaTOYHO I0Ka3aTh, YTO BCE KOMIIOHEHTHI 3JIeMeHTa
Y1 BBIpQXKAIOTCA 4Yepe3 2, Yo, ..., Yn- JJIA KOMIIOHEHTHl Z 3TO ACHO. Jlna
IIPOYMX KOMIIOHEHT 2’ MCIIONIb3yeM MHAYKIMIO II0 CTENEHH. B BRIpakeHMe
2’ =F(y, ..., ¥,) He BXoAUT WwieH Buga Ay;, A € K\ {0}, Tak kax uHaye
YieH Az He MOXET COKPATUThCA. DTO MOKA3hIBAET, YTO 2’ BBIpAXKAeTCA
4yepes Yy, ..., ¥, U KOMIIOHEHTHI 37IeMEeHTa y; MEHbIIUX CTelleHeH.

Hamwm paccyxzeHus nokasslBaroT, YTO KaXkJad rpaflyipoBaHHas n-1o-
poxzeHHas anrebpa A, 1y KoTopoit Ay =K, MOXeT ObITh IOPOXKAEHA He
6osiee YeM N OJHOPOAHBIMU IEMEHTAMU.

3ameTuM, 4TO ycimoBue Ay =K And ZaHHOTO pelleHUA CYIIeCTBeHHO
U, OTOPOCUB €ro, MBI MOIYYUM 3a/ady APYroro YpoBHA claokHOCTH. Of-
HOM U3 SPKUX OTKPBITHIX MPOGIEM COBPEMEHHOMU aarebphl sABAAETCA TaK
HasbIBaeMas npobsiema cokpaujeHus. IlycTb A — KOHEYHO TOpPOXKJeHHAas
K-anrebpa, ¥ AJA HEKOTOPOTO HaTypaJabHOTO k anrebpa MHOTOWIEHOB

Alyi, ..., Y] Hax A uzomopdHa anrebpe mHorowieHoB K[xy, ..., X,,] Haz
noneM K. BepHo sn, uro anrebpa A nzomopdHa anrebpe MHOTOWIEHOB
K[21, ..., Zm—i]? HeTpyAaHO MOKa3aTk, YTO pellleHue 3aa4u 8 6e3 orpaHu-

yeHust Ay =K BieUeT MOJIOKUTETbHOE pellleHre TIPobIeMbl COKpaIleHHUs.

Eciu paccMOTpeTh cBOOOAHYIO anre6py, TpaJyupOBaHHYIO He I[eTbIMU
HeOoTpUIlaTeJIbHbIMHU YMC/IaMU, a BCel IpymIoN Iesnblx yuces, 3ajada 8
CTaHeT 3KBUBAJEHTHA npobsieme JuHeapu3ayull Jjist AeUCTBUA OZHOMED-
Horo anrebpaudeckoro Topa Ha adpdunHOM npocrpancTBe K". [Tonoxu-
TeJIbHOE pellleHre TOU Mpo6seMbl Ipy n =1 U 2 U3BECTHO ZOCTATOYHO
naBHo. [TorydeHHoe B 1996 I. IONOXUTENBbHOE pellleHre pobIeMbl INHe-
apu3auuy npu n = 3 MoTpeboBaIo KOMOCCATbHBIX YCWIHNH, cM. 0630p [13].
[pu n = 4 npobyeMa TMHeapU3aIuU OCTAETCS OTKPBITOM.

9. Bocnonb3yemcsi Tem, uro B anrebpe A = K[xy, ..., X,] pasioxe-

HMe Ha IIPOCThle MHOXKUTENNU OJHO3HA4YHO; cM. [3, 1. 9, § 7]. Ilycth p =
D1
= D € QA. DleMeHTHL pq, P; € A MOXHO CYWTaTh B3aMMHO IIPOCTBHIMU.
2
Ecmi p™+a;p™ ! +... +a,, =0 411 HEKOTOPHIX A7, ..., d,, € A, TO KaXK/bIH
TIPOCTOM AeNUTeNb 31eMeHTa p, JeUT p,. 3HA4YUT, p € A.

10. 3ameTtum, uto P(A) =M (P(A)). Ilyctb
re€ (L(P(A)NK(PA))\P(A).
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Torzma cOOTBETCTBYIOIIM I' OZHOUWIEH d He eXXuT B A. Yenosue r € L(P(A))
TI03BOJIAET pacCMaTpPUBATh a Kak d1eMeHT IosA QA, a yeiosue r € K (P(A))
TIOKa3bIBaeT, uto a’ € A ana nozaxozsuiero s € N. CiegoBaTenbHO, A He
1IeJI03aMKHYTa.

O6paTHO, IIyCTh p = % €QA\Awm pk + alpk_1 +...+a,=0. U3 nenosa-
MKHyTOCTH anrebprl K[x,, ..., x,] ciexgyer, uyto p € K[xy, ..., X,,]. ¥ MHO-
TrowleHa p eCTh WieH, Habop CTemeHel r KOTOpOro He JeXKUT B P(A).
B cuny paBeHcTBa a = bp Touka r nexut B L(P(A)). IlokaxkeM, 4TO 1
nexxut B KoHyce K € K(P(A)), mopoxZeHHOM Habopamu cTemeHel of-
HOWIEHOB, BXOASAININX B Pa3JOXKEeHUsA I€MEHTOB d, ..., d;. LIycTh r ¢ K.
[Tockonepky KoHyC K ABAfAeTCA 3aMKHYTBIM BBIIYKJIBIM ITOAMHOXECTBOM
B Q", Teopema otgenumoctu (cM. [3, 1. 7, § 2, Teopema 2]) rapaHTUpyeT
Hajm4uye JUHeHHOH QyHKIMM [, KOoTopas HeNoJoXUTeNbHa Ha KoHyce K
u [(r) > 0. ByzemM HasbIBaTh MaKCUMa/JIbHON KOMITOHEHTOW MHOTOWIEHA
CyMMYy TeX €ro WIEHOB, /JiA KOTOPhIX 3HaueHue GyHKIuK [ Ha Habope
ToKa3aTesJeld MaKCUMalbHO. HeclIoKHO NMPOBEPUTh, YTO B BHIPAXKEHUU
pk +a; pk_1 + ... + a; MakcuMajbHaA KOMIIOHEHTa MHOIrOWIeHa pk He
MOXEeT COKPaTUThCA, U, 3HAYUT, 3TO BhIpakeHHe He PaBHO HYJIIO.

11. B sTO#1 cuTyauuu MHOXecTBO P (A) onpezenseTcs aHaJIOTUIHO, Of-
Hako 6asuc I'mnbbepTa onpenenuTs He yaaercs. Teopema 0 TOM, YTO MO-
HOMHUaNbHasA mojiairebpa A 1e03aMKHyTa TOT/la ¥ TOJIBKO TOT/Za, KOTZAa
P(A) HachIIeHHO B Z"', OKa3bIBA€TCA TOYHO TaK KeE.

12. Orta 3azaua B3aTa U3 KHuUru [6, . III, § 4.3]. ITokaxxeM cHavaJa,
YTO B A COZAEPXKATCS OAHOWIEHH X' y* ¢ JITOObIM 3aZlaHHBIM S. [IyCTh

_ b i b—i
P=x% +Zal~xa o,
i>0
a; € K, — ogHOPOAHBIN d1eMeHT u3 A, ana xotoporo b > 0. Eciu k € N
nkb=a, To

xkb—ap — (xky)b+Zaix(k+1)i(xky)b7i €A,

i>0

OTKYyZla BBUAY I1€JI03aMKHYTOCTH aJireOphl A CJIeAyeT, UYTO xk yEA.
ITokakeM, 4TO xayb € A; oTciofia 0 UHAYKIUK cefyeT Tpebyemoe
yTBep:kAeHue. IIpeAnonoKkum, 9to x*“ yb ¢ A, ¥ TIyCTb N — MaKCUMaJbHOE
TaKoe YMCJIO, YTO x”*“yb ¢ A. Torga gy Beex 0 <i < b numeem
n+a+i, b—iyb n+a+1,,byb—i
Yy Yy

(x =x4(x

rae

d=bn+a+)—Ob-Dn+a+1)=>bi-1)+i(n+a+1),
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u, cregoBaTenbHo, x4ty =l e A gna i > 0. CooTHOmeHME

x"p = xn+ayb +Zaixn+a+iyb—i c A
i>0
MIPUBOAUT K TIPOTUBOPEUHUIO.
13. Hogoiiger A=K[x;, x,]/(x3), degx; =0, degx, =1.
14. JlanHb1il npuMep B34T U3 pabotsl [20]. PaccmoTpum noganrebpy A
B K[x1, x5, x31,
degx; =degx, =degx; =1,
IOPOKAEHHYIO IEMEHTaMH X2, X3, Xa, X Xy. Torza
A= K[xf, xg, xg] EBxlsz[xf, x%, x;']
u
1 + t2 _ 14t 1
1-22(1-tY  (1-2)2Q-tY  A-H2A-tH  Q-t»H*

P(A,t) = (

KoMmoHeHTa A, NMOPOX/EHA 3IEMEHTAMHU X2, X2, X1X,, OHU anrebpande-
CKU 3aBUCUMBI, TTO3TOMY ajirebpa A He MOXeT OBITh MOPOXKAEHA TPeMs
anre6panvecKy HeE3aBUCUMbIMU JIEMEHTAMU CTENIEHU 2.
15. Ecnu mMexay daq, ..., d, AMEETC MOTMHOMUAIBHOE COOTHOIIEHHE,
TO KaXK/asi OZIHOPO/IHAsI KOMITOHEHTA 3TOT0 COOTHOIIEHUS TAKXKe SBIAETCS
cootHoleHreM. C pyroil CTOPOHBI, €C/IU MEXAY d1, ..., d,, UIMEETCS COOT-
HOIlIEHUE cTeneHu d, TO pa3MepPHOCTh KOMITOHEHTHI A; MEHbIIle pasMep-
HOCTH KOMIIOHEHTH K[x1, ..., X, 14, e degx; =d;.
bo+bit+...+b,t"
16. IlycTb ay +ajt +a,t> +...= .
Y ot dit+axt+ Cot+Cit+ ...+, th

Torga mpu N > max(n, m) uMeeM aycy+ay_16; +... +ay_,c,=01u

ayn_1C1+...+ay_,¢,
Co

lay| < < gnmax(lay_ql, ..., lay_nl),

rae ¢ — KoHcTaHTa. TakuM 06pa3oM, TOCTeZ0BaTelbHOCTh {a;} pacTeT
He GBICTpee reOMeTPHYECKOH HporpeccHu. PaccMoTpuTte anrebpy A =
=K[x;, X5, ...] MHOTOWIEHOB OT CUETHOTO YKCJIa IepeMeHHBIX, B KOTOPOM
9HCII0 06PA3YIONIHX CTENEeH) N PABHO Nn! JUIA KXAO0T0 HATyPaIbHOTO M.
17. Iina anre6put A=K [x, xy, xy%, xy°, ...], degx=degy =1, pan Ily-
aHKape MMeeT BUJ
1 t  _ 1—t+t?
-2 1-t  (1-02"
B KayecTBe IpUMepa KOHEYHO OPOXKEHHOH anre6phl C TeM e PAZOM
TlyaHkape MOXHO paccMoTpeTh moganare6py Klx, y2, x2y] =K[x, y*] &
® x2yK[x, y?] B anre6pe K[x, y], rae degx =degy =1.

P(A,t) = a
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18. Bocronb3yiiTech WHAYKIHWENH IO CTelleHW MHOrowieHa. /ljis te-
Jo3HauHoro MHorowrieHa F (x) mHorowreH (VF)(x) =F(x) —F(x—1) aB-
JIieTCs 1[eJI03HAYHBIM M MMeEET MEHBIIYIO cTerneHb. C APYrol CTOPOHEL,
F(x—1)=F(x)— (VF)(x).

19. TIpoBesem MHAYKIMIO 110 cTeniedd d. [Ipu d =0 MHOTOWIEH SBJIA-
eTcs 1eior KoHcTaHToH. Ilpu d = 1 pacemoTpuM MHoTowieH (VF)(x) =
=F(x) —F(x—1). OTOT MHOTOWIEH TaKXe IIeJIO3HAYHHIM, U er0o CTelleHb
HIDKe cTeneHu MHorowieHa F (x). MHOrowieH oZHO3HAYHO OIpeesaeTcs
CBOMMH 3HAYEeHUAMHU B II€JBIX TOYKax, 1moaroMy F(Xx) BoccTaHaBIWBa-
erca o 1enomy umucay F(0) m mHorowreHy (VF)(x). [lo mpeamonoxe-
Huto uHAYKIUU (VF) (x) umeeT TpebyeMbiii By OCTaeTcs 3aMETUTD, YTO
ves=csth.

X x—1

20. TToBTOpUTE JOKA3aTENBCTBO TEOPEMBI 2 JJIsI IIPECTABIEHUSA

g(t)

Pa 0 =50
21. ImeeMm
1
PAD=gTp o —
_¢d ND(s+1
= &_i)“ = (1+t+...+td1)(2(s+)2¢ts),
s=0
cjea0BaTeJIbHO,

HG) = 2+ DO+ + X0+ D+t (x—d+2) (x—d +3)).

22. JlocTaTOYHO PacCMOTPETH anrebpy, y KOTOPOii p, 06pasyroIux cTe-
MIEHU § U TIPOU3BeIeHNE I0OBIX 06pasyIoIIUX PaBHO HYJIIO.

23. a) CM. pelreHuMe TIpeABIAYIIEN 3a4a49u.

6) HaiizuTe mocieoBaTENIbHOCTD, KOTOPAs pacTeT ObICTpee MocCeso-
BaTeJIbHOCTU Pa3MEPHOCTEN KOMIIOHEHT JIFOOOH KOHEYHO HOPOXKAEHHOM
anrebpsl. Hammpumep, MOAXOAUT TIOCIEA0BATETHHOCTh

[3]
po=p1=1 p;= Zpkps_k+1-
k=1

24. TlockobKy p; = 2, Hala anrebpa sBasercsa GpakTopanrebpoit aj-
re6pbl MHOTOWIEHOB OT BYX IEpeMeHHBIX. YCJIOBUE D, = 2 IIOKA3bIBAET,
YTO eCTb COOTHOIIeHMe cTeneHu 2. CiieZioBaTeNbHO, €CTh JBa COOTHOIIIe-
HUA cTeneHU 3 (OHU MONIYyYalOTCA YMHOXXEHUEM COOTHOIIeHUA CTeleH! 2
Ha obpasyrolue), ¥ MO3TOMY pg < 2.

25. Hert, paccMoTpuTe TOC/IeA0BATENBHOCTE 1, 3, 3, 4.
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26. Her,
ps =152 =Cg+Ci+C2+C7+C,

p& = €8 +C5+Cl+C3 +C? = 247 < p, = 248.
27. Jlu"eiiHasg 060I049Ka ONHOWIEHOB U3 &P = ./ \ (U:O:o //t;g) ABJIAET-
ca1 uaeanoM. [IoCKObKy 060ii MOMMHOMUATBHbIH Hiea] KOHEYHO HOPO3K-
JeH, Haiifierca Takoe m €N, 4T0o &, 1 =x;Z U ... U X, [Jid BCEX § = m.
OnemeHTH %, ; 00pa3ylOT KOHEYHBEIH OTPE30K MHOXKECTBA OFHOWIEHOB
CTeleHH s + 1 B JIeKCUKOTpapUIeCKOM MOPSAKE, U TIEPBHII 37IeMEHT 3TOT0
OTpe3Ka paBeH X,W, T/ile W — [epBbIi asileMeHT u3 .. OcTaeTcs BOCIIONb-

30BaThCs JIEMMOI 3.
28. PaccMOTpuM YHCIO m U3 NpeAbiAyielt 3agauu. [IycThb

— m 1
Pm=Ciyt -+ Crpy-
Torza npu s 2 m numeeM

— S s—1 s—m+1
Ps = Ck(m)+s—m + C‘k(m—1)+s—m +...t+ Ck(1)+sfm -
_ ~k(m)—m k(m—1)—m+1 k(D)-1
- Ck(m)+s—m + C'l<(m—l)+s—m +...t Ck(1)+s—m'

Ocraerca nonoxuThb a; =k(m+n—i) — (m+1—1).
3aMeTHM, 4YTO MBI ITOJYYWIN HOBOE J0Ka3aTeIbCTBO TEOPEMEI 2.
29. [lna yucna p,, m-pasnoxeHue Makojesa uMeeT BUZ

P =Cl+CI 4. +CI+CI+.. 4G,

rge j=m— p,, + 1. Torza prglm) =DPm = Pms1- B 9acTHOCTH, Py Sm+1,

M 9TO pacCCyXJ€Hre MOXXHO IIOBTOPATD.
X1Xo

30. MHorowIeH x, = TaKXe MHBAapUAaHTEH.

1
31. CormacHo cjIeICTBUIO 1 I0CTaTOYHO MMPOBEPUTD, UTO JIMHEHHAs1 060-

JIOYKA YKa3aHHBIX 3JIEMEHTOB COBIIAZIAET C IIPOCTPAHCTBOM WHBAPHUAHTOB
CTeleHu He Bhile |G|. DTO cieAyeT U3 IUHEMHOCTH MpoeKTopa P.

32. [IpuBefeHHOE B TEKCTE [JOKA3aTEIbCTBO MPOXOAUT HAaZ JHOOBIM
anrebpanvyecKy 3aMKHYTHIM MOJIEM XapaKTEPUCTUKU HyJ/b. 3HAYUT, CIE]-
crBue 1 cripaBeAIMBO Hag anre6pandeckuM saMbikaHueM K mond K. ITycTsb
fi, +-+, fy — MHOTOWIEHBI CTEIIEHU He BBIIIE |G|, KOTOPBIE IOPOXKAAIOT aJl-
re6py K[x;, ..., x,]°. [TOCKONbKY V fi, ..., f, 9UCIO KO3PPUIUEHTOB KO-
HEYHO, 3TY MHOTOWIEHH! OIpe/ie/IeHbl HaJl KOHEYHO MOPOXKAEHHBIM (U IMo-
TOMY KOHEYHBIM; cM. [3, 1. 9, § 5]) pacmupenuem K, nona K. 3apukcu-
pyeM (koHeuHBIH) 6asuc mond K; Kak BEKTOPHOTO IMPOCTpaHCTBa Haz K
U pasnoxkuM K03 UIIMeHTE JIEMEHTOB fi, ..., f, o 3ToMy 6a3ucy. MHO-
rOWIeH, WIEHbl KOTOPOTO COBMAZJAIOT C WIeHaMU MHOTOWIEHaA f;, a K03¢-
GUIIMEHTHI ABIAIOTCA KOdGOUIIMEHTaMU HAIllETO Pa3joKeHUs MPHU AaH-
HOM 6a3suCHOM BEKTOpe, Ha30BEM KOMIIOHEHTOM MHOTOWIeHa f;. Kaxzaas
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KOMIIOHEHTA ABJIAeTCA 3MeMeHToM anre6psl K[x;, ..., x,]. [Tockombky G —
ato moarpymmna B GL, (K), KoMIIOHEeHThI THBAPHAHTHOI'O MHOT'OWIEHA TaK-
’Ke MHBApUaHTHEL [IpoBephbTe, YTO KOMIIOHEHTHI MHOTOWIEHOB fi, ..., f;
nopoxzaroT anrebpy K[x;, ..., x,1°.

33. Ilyctp MHOrowieH f(xy,...,X,) ABiAdeTcad A,-UHBAapUaHTHBIM U
O — HedveTHas MOACTaHOBKa. Torga

= f+lo-f) +f—(0-f)
2 2 ’

[IpoBepbTe, YTO MEpPBOEe CllaraeMoe S,-MHBapHAaHTHO, a BTOpoe obiazaeT
CBOMCTBOM O - h = (sgn o)h. Kaxaplit MHOTOWIEH € 3TUM CBOMCTBOM MeHs-
€T 3HaK 10/ IeHiCTBUeM TPAHCIO3UINH (ij), II03TOMY paBEH HYJIIO Ha THIIep-
IUIOCKOCTH X; = Xj, ¥, 3HAYMT, AETUTCA Ha X; — X;. [Toatomy K[xy, ..., x, 14
IIOPOX/JAeTCsA MHOIOWIEHOM ]_[l.> i (%; — x;) ¥ aMeMEHTapHBIMU CUMMETPH-
YeCKUMU MHOTOWIeHaMu. OTMETHM, YTO 3TO pelleHre MOAXOAUT JJIs JIEO-
60ro moJsA, XapaKTEePUCTHKA KOTOPOTO OTJINYHA OT JBYX.

34. TIpeanonoxum, uro rpynna G getictsyer Ha K[xy, ..., X,], yMHO-
JKas mepeMeHHbIe X1, ..., X, HA HEKOTOpble KOHCTAHTHI. JJOKa)XUTe, ITO I10-
Janrebpa MHBapUAHTOB MOHOMMUAJIbHA. B JaHHOM cily4ae yclIOBHe MHBa-

i i C
PMAHTHOCTH OZHOWIEHA X,'X,’ — 3TO yCJIOBHE AeMUMOCTH k(i; + i) Ha n.
[TycTh HaubGOMBITMH OOIUH ZeTUTeNh Yuce k u n paBeH d. Torga anrebpa

WHBAPUAHTOB MOPOXKAAETCS OFHOWIEHAMU xilx;, rae i; +ip = g

35. YcoBue MHBApUAHTHOCTU OfiHOWIEHaA: k (i — i) AenuTcs Ha n. [To-
aTOMy ajre6pa MHBAPMAHTOB MOPOXKAAETCA OAHOWIEHAMM X1Xy, X M X,
rae s = % U d — HauOOJBIINHI OOIIUI AeJUTENb Yncea k U n.

36. PaccMOoTpuM aire6py MHOTOWIEHOB C KOMIUIEKCHBIMU KO3 dUITu-
eHtamu Clxq, x,] =R[xq, x5] ® 1R[x;, x,], Ha koTOpyt0 G-AelicTBHe Mpo-
JIOJDKAeTCs 110 JIMHEHHOCTH. TIOMOXUM 2 = X; 41Xy U Z = X; — 1Xy. fICHO,
yro Clx;, x,] =Clz, 2] u G aelicTByeT Kak z — €2, ¥ — £ Z, TZle € — Iep-
BOOOpAa3HBIN KOPEHb TPETbEH CTEMEHU U3 eAUHUITHL. OTCIOa CIEAYET, YTO
anre6pa naBapuanTos C[z, 2]¢ moposkgaeTcs MHOTOWIEHAMU 22, 2° U Z°.
3Haunr, R[x;, x,]¢ mopoxzaeTcs AeficTBUTELHEIMYA ¥ MHUMBEIMH YaCTH-
MU THX MHOTOWIEHOB, T. €. X2 + X2, X3 — 3X;X2 U X3 — 3X2X;.

37. HaniomuumM, uTo anrebpa A sIBAsieTCS yenoll HaZ cBoell mogaire6-
poit B, ecnu At 1060T0 a € A HaWAyTCA TaKoe HaTypaJIbHOE N U TaKue
3/IeMeHTHI by, ..., b, €B, 4to a" +b;a" ' + ... + b, = 0. Kaxzplii aneMeHT
f €Klxy, ..., x,] AB1deTca KOPHEM ypaBHEHUA ]_[geG (X—(g-f))=0, no-
3TOMYy AJI1 KOHeuHo# rpynmbl G anrebpa A =K[x, ..., X,] ABIAETCS Iie-
goit Hag B=K[xy, ..., xn]G. [Tycts B’ — mopanreGpa B B, MOpOkKAeHHAst
koa¢puneHTaMu b; ypaBHEeHHMH, KOTOPBIM YZOBJETBOPSIOT 3JIEMEHTHI
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X1, ..., X,,. Torma obpasyromue anre6pbl A ABIAIOTCA HEJBIMM Haz B’ ) a 3Ha-
4uT, ¥ Bes anrebpa A sBiAerca nesow Hazg B'; em. [3, m. 9, § 5]. Crezo-
BaTeIbHO, A — KOHEYHO TOPOXAEHHBIN B’'-MOAy/b, ¥ MOAMOAYIL B, Kak
HOAMOZY/Ib KOHEYHO ITOPOXKIEHHOIO MOZYJIA, KOHEYHO MOPOXKAEH Haz B’
B yacTHOCTH, B — KOHEYHO MTOPOXKAEeHHasA aare6pa.

DTH pacCy>KJeHUs COCTABIAIOT TPEThE ZI0KA3aTENIbCTBO TEOPEMBI 6, KO-
TOpOe He 3aBUCUT OT XapaKTePUCTUKH 1oy K.

OTBeT Ha MOCIeJHUM BOIpOC oTpULaTreseH. [IpeAnonoXumM, 4To xa-
pakTepucTHKa nonsa K paBHO AByM. PaccMoTpuM JelicTBue rpynnsl G U3
IBYX 21eMeHTOB Ha anrebpe K[xy, yi, X5, Yo, X3, Y31, TAe HeeAUHUIHBIN
JJIEMEHT IEUCTBYET KakK

X1 = X1+, Y1 Yo

Xg = Xo+ Yo, Yo Yo,

X3 = X3tY3, Y3 Ya.
VIHBapuaHTHI IEPBOIi CTETIEHN — 3TO JIMHEMHAas 060I04Ka 3/IEMEHTOB Y,
¥, 4 ¥3. [IpoBephTe, 4TO HUKAKOW MHBAPUAHT BTOPOU CTelleHU He COZep-
JKUT WIEH X X,. 3HAYNUT, UHBAPUAHT

X1XY3 + X1 YoX3 + Y1 XoX3 + X1 Yo Y3 + Y1 X2Y3 + Y12 X3
HeJb35 BBIPA3UTh YePe3 MHBAPUAHTHI IEPBON U BTOPOU CTEIIEHH.

38. Ilyctb f €K[xq, ..., x,1 1 f :plfl ...pl;m — pa3JyioXKeHHe Ha HEeIpH-
BOZMMEBIE MHOXKUTeNHU B anrebpe K[x;, ..., x,]. PaccMoTpuM mpeacTaBuTe-
JH P17 =P1, P125 ---» P1, KAACCOB MPOMIOPLMOHATBHOCTH MHOXKECTBA MHO-
rowieHoB {g- p;: g € G}. MHOrowieHsl p,; HEIIpUBOAUMEL, f AeIUTCA Ha
KXl M3 HUX U MO3TOMY JAenuTcs Ha P, = py1P1y...P1r- AHAIOTUYHO
onpeaenstores Py, ..., P,,. [IOCKONIBKY 3T MHOTOWIEHBI JTUOO MPOIIOPIH-
OHAaJIbHBI, OO0 B3aUMHO TIPOCTHI, MHOTOWIEH f €CTh IPOU3BEAEHIE MHO-
roOWwIeHOB Takoro Buza. [IpoBeprTe, uTo g P, = at; ()P, Te a;(g) € K\ {0}.
Torga a;: G — K\ {0} — romomopdwusm rpymi. B cuty coBnagenus G co
CBOMM KOMMYTaHTOM TaKOW romomop¢$usM TpUBUAJEH, U, 3HAUUT, BCE
MHOTOWIEHHI P, ABIAIOTCA UHBapuaHTaMu. [IpoBeprTe, 4TO P; — mpocThie
anemeHTH B K[xq, ..., xn]G. Haxkower, st 10600 pa3ioykeHusA f Ha mpo-
cThle MHOXKUTeNMM B K[xy, ..., xn]G OZVH U3 MHOXUTeJel JenuTcs Ha pq,
a mo3ToMy Y Ha P;.

Ob6paTHoe yTBepXK/eHe HEBEPHO: PACCMOTPUTE JI€HCTBUE TPYIIIII U3
ZIBYX ameMeHTOB Ha K[x], x — —x.

39. [IpuBeIeHHOE ZI0KA3aTEeNIbCTBO MTPOXOAUT HaZl alrebpandecKuM 3a-
MbikaareM K nons K. ITokaxkute, 4TO

G

dimg K[x;, ..., xn]gl = dimg K[x, ..., x,]%

A5 mo6oi moarpynnsl G C GL , (K) € GL,, (K).
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S (=D E*+11)
40. OtBer: BT T

41. IlycTh MHBapUaHTHBINA MHoOrowieH F 3aBUCHUT OT X;. Torza
F= akxf+ o tagx;tag,

rae day, ..., dj, dg — MHOTOWIEHH!, He 3aBUCAIINE OT X;. B ClIy UHBapuaHT-
HoCcTH F OTHOCHUTENBHO IPeobpa3oBaHus X; — X; + ¢;¥; MOTydaeM

k. k —
G Y Qg+ ...+ ya; +ag = ap.

3HAYNUT, MHOT'OWIEHBI yik_lak, ..., a4 TUHEHHO 3aBUCHUMBI ¢ K03ddureH-
Tamu cf‘l, ..., 1. Boibupas k pa3nuvHbIX HEHY/IEBBIX 3HAYEHUU C; U HC-
ob3yss GOpMyILy JJs OoIpejenuTens BaHZepMoHZa, IOIyYaeM dj = ...
..=a; =0, 4TO IPOTUBOPEYUT HAlllEMY NPEAIIONOXKEHUIO.

42. IIycTh Sy, Sq, ..., S — KOHEUHAA CUCTEMA MOpOXAaromux. MoxXHO
CYMTaTh, YTO BCE OHU OAHOPOAHBI U A3 py = (sg). 11 OfHOPOJHOTO 271€e-
MeHTa s € A, p) onpeaenum ¢ynknuto [(s) :=a — 3b. Toraa I(s;) >0, ...

., L(s3) > 0. Eciu s j€A@, b)) TO 3a¢pukcupyem b > max(by, ..., by) u pac-
CMOTpI/IM SJIEMEHT x GA(ngr1 b) \A(3b 2b-1)A(3,1)- B BBIpaKeHME X Yepe3

$0» $15 +-+» S BXOAWT WIEH X —Aspl. sk , He 3aBUCALIUH OT s,. Toraa
() =1=1") = pl(sy)+ ...+ prl(sp),

OTKyZia POBHO OJJHO p; PaBHO 1, a Ipoune paBHBI HY/II0. DTO IIPUBOJUT
K TIPOTUBOPEYUIO C BHIGOPOM b.

43. TIpeanonoxuM, uto anre6pa K[V]® koHeuHo mopoxkzeHa. Jleii-
ctBus rpynn G u T Ha anrebpe MHOTOWIEHOB MEPECTAHOBOYHBL. 3HAYMT,
t- fEK[VI® pmamobexteTu f€K[V]®, u (K[V]I®)T =K[V]". Ecnu MbI
JOKa)KeM, UTO JJIS JIF0OOH KOHEYHO MOPOXKAeHHOU T-WHBapUAaHTHOM IIO-
Aanre6psl A B anre6pe MHOTOWIEHOB aire6pa uHBapuanToB AT KoHeyHO
IOPOXKZeHa, TO IOJIyYUM IIPOTHBOpedne ¢ TeopeMoli 8.

Ha nepBoM asTame JokasaTeabCTBA HAJO MOKAa3aTh, YTO B A MOXXHO
BHIOpaTh CHCTEMY OOpPa3yIONUX, KaXKAbIM M3 KOTOPHIX SBjsgeTcs T-co6-
CTBEHHBIM BEKTOPOM. [locie aToro anre6py A MOXKHO 3aMEeHUTh Ha aj-
re6py MHOTOWIEHOB B, B KOTOpOi1 nepeMeHHBIE OHEKTUBHO COOTBETCTBY-
10T obpasyromum anre6pel A u T-ZelicTBUe Ha IlepeMeHHBIe COBIAJAEeT
¢ T-geiicTBHeM Ha obpasyiomue aare6pnl A. Anre6pa BT ectsb nmHeii-
Hasg 060JI0YKA OJHOWIEHOB, ABIAIOMINXCA T-COOCTBEHHBIMU BEKTOPaMU C
coGCTBeHHBIM 3HavYeHreM 1. KOHEUHYI0 MOPOXKAEHHOCTh TaKOoU aarebpsl
MOXXHO BBIBECTH U3 JieMMEbl [opZlaHa, KoTopasd yTBep)kKJaeT, YTO MOHOU/,
I[eJIBIX TOYeK, JIeXKAIIUX B BBITYKJIOM PalliOHAJIbHOM IONIU3/palbHOM KO-
Hyce, KOHEYHO ITOPOXKZEeH.
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