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BBenenue

OCHOBHOU IIeJIbl0 3TOH OpONIIOPH SABJISETCA OIMCAaHUE BCEX Ipa-
BWIbHBIX MHOT'OTPAaHHUKOB B IIPOCTPaHCTBE IIPOU3BOJIBHOM pasMepHO-
cty. Ha miockocTu A BCAKOro m = 3 cyllecTByeT POBHO OAMH (C TOY-
HOCTBIO /IO MOAOOUS) MPaBWIbHBIM M-yrOJbHUK. B TpexMepHOM IIpo-
CTPaHCTBE TPABWIbHBIX MHOTOT'PAHHUKOB IISITh: TETPasp, KyO, OKTa-
37p, UKOCA3ZP U IO/IEKA3AP. A 9TO IPOUCXOJUT B IPOCTPAHCTBAX APYTUX
pasMepHocTei?

k) 3k 3k

[TpaBwIbHBIE MHOTOIPAHHUKY M3BECTHBI YEJIOBEUYECTBY C JaBHUX Bpe-
MeH. Tak, HarpuMep, HeZiaBHO B [llomiaHAWY U pacKomKax 6pUTH 06-
Hapy>KeHBbl KaMHH, KOTOPBIe, KaK CIMTAIOT HEKOTOPBIE UCCIeA0BaTeNH,
OrpaHeHBl B BUZE BCeX IATU IPaBUIBHBIX MHOTOIPDAHHUKOB. DTU Ha-
XOZIKY OTHOCAT KO BTOPOMY TBICSTYENIETHUIO 10 Hallel 5pbl. A 6POH30BbIE
Y KaMeHHBle JoZeKasapsl puMckux BpeMeH (I—III BB. H.2.) apxeonoru
HaXOAWIN Ha TEPPUTOPUU MHOTHX €BPOIIeMCKUX CTpaH OT AHIVIMU [0
BeHrpuu; HazHauYeHNE UX OCTAETCs HEACHBIM.

[TlepBoe nucbMeHHOE YIIOMUHAHKE O NIPaBWIbHBIX MHOTOIPaHHUKAX
MIPUHAAJIEXXUT TpekaM. [Tudaropeiiniam ObUTM U3BECTHBI TETPASAP, KyO
U oKTasgp. Onurcanue fojeKkaszpa U UKocasApa IpUIIUChIBaeTesa TeaTeTy
Adunckomy (Havaso IV B. 70 H. 3.); MO-BUAUMOMY, OH JKe JOKa3aJl, 9To
JPYrUAX NIpaBWIbHBIX MHOI'OI'PAHHUKOB He CYILIECTBYeT.

Hawubosee n3BecTHOe OIMMCaHYE IPABWIHHBIX MHOTOTPDAHHUKOB COZEP-
JKuTcA B guasore IlnatoHa «Tumeti», HamucaHHOM okojio 360 T. [0 H. 3.
VIMeHHO I103TOMY OHU 4acTO Ha3bIBaIOTCA IUIATOHOBLIMU TejlaMU. B «Tu-
Mee» IPUBOJATCA KOHCTPYKIIUN YeThIpeX MHOTOIPAaHHUKOB U TOBOPUTCH,
YTO OHU OJIMLIETBOPSAIOT YETHIPE CTUXUU: TETPASP — 3TO OTOHb, KyO —
3eMJIA, OKTa3[p — BO3JYX, a HKocasap — Boga. JloAekasap, COIMIacHO
[TnaTony, cuMBoOIU3UpyeT BeeneHHyr0.

Vizeu o xio4eBOI poNMY IPaBWIbHBIX MHOTOI'DAHHUKOB B YCTPOH-
CTBe MHUPO3ZaHUA NbITAJICA pa3BuTh VoraHH Keruep B cBoeil pabore
«Mysterium Cosmographicum» (1596 r.). Kermiep npezmosnarai, 4To eciiu
PAaCIIONIOXUTh MATh IJIATOHOBBIX T€J B ONpPEJEJIEHHOM IOPALKE MeX-
[y IIeCTbIO KOHLIEHTpUYeCKUMU cdepaMu Tak, 4TobOB Kaxkzas cepa
6bUIa OMMCAaHA BOKPYT MEHBIIEro MHOTOI'DAHHHMKA U BIHCAHA B OOJIb-
N, TO paZnyCchl 3TUX chep O6YAYT MPOTOPIIMOHAIBHEI PACCTOSHUAM OT
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Puc. 1. YerpoiictBo ConHeyHoM cucTeMsl o Kemepy

CosnHLla 0 BCeX HIECTH U3BECTHBIX B Te€ BpeMeEHa IUIaHeT: MepKypusd,
Benepsl, 3emnu, Mapca, IOnurepa u CaTtypHa. IIpaBzaa, BIocie[CcTBUN
cam Kemnep Ha ocHOBaHMM 0o0jlee TOYHBIX M3MEDPEHUIN M BBIUUCIEHUI
MIpUILIEN K BEIBOAY 06 OIMMOO0YHOCTH TaKOM MOZEJH.

k) skosk

3azava kiaccudrKauy IpaBUIbHBIX MHOTOTPAHHHUKOB B IIPOCTPaH-
CTBe MPOU3BOJIHHOM pa3MePHOCTH ObUIa pellleHa MIBeHIIapCKUM F'eOMeT-
pom Jlrogsurom lnednu B 1852 rogy. Ero pa6ory [11], mocBsineHHyI0
JTOl 3a/ja4e, U3-3a ee OrpOMHOTO 06beMa — 6osee 200 cTpaHul! — Z07-
roe BpeMs He HyOJIMKOBAaM; OIMy6IMKOBaHA OHA ObUIA CYIIECTBEHHO
nos:xe, B 1901 rogy, yxe 1ocjie CMEpPTU ee aBTopa.



Beezenue 7

[neduu mokasai, YTO B MPOCTPAHCTBE Pa3MEPHOCTH 5 U BBIIIE CY-
IIECTBYET TOJBKO TPU NMPABWIBHBIX MHOTOTPAHHUKA: IIPABWIBHBINA CUM-
nuekc (aHaJIOT TeTpaspa), n-MepHblil Ky6 1 MHOTOTPAHHUK, TBOMCTBEH-
HBI K HeMy (aHaJIOT TPEXMEPHOTO OKTas/ipa), — KoKY6. B ueTbipexmep-
HOM IIPOCTPAHCTBE, KPOME 3TUX TPEX, CYLIECTBYET ellle TPU HCKIIOUU-
TeJIbHBIX MPAaBWIbHBIX MHOTOT'PaHHUKA, YHUCIO TPaHel KOTOPHIX PaBHO
24,120 u 600 coOTBETCTBEHHO.

KoncTpykuun

JloKa3aTesbCTBO TEOPEMBI O KIacCUUKALNY MPAaBWIBHBIX MHOIO-
rPaHUKOB, TMPUBOAWMOE B 3TOIH OPOIIIOpe, CYIIeCTBEHHO OTINYAEeTCs
OT HUCXOAHOTO ZAoka3zaresnbcrBa llnedmu. Crezys obiieMy NpUHIUILY,
BocxogsmeMy K Penmkcy KieliHy, — «reoMeTpHsi eCTh U3y4eHHE CHUM-
MeTpUll 0OBEKTOB» — MBI OyZeM M3y4aThb B IEpPBYI0 OYepesb He caMu
MHOTI'OTPaHHUKY, a UX TPYIIIBI CUMMeTpUii. BBIICHUB B IepBO JIEKINH,
YTO TPYHIBl CUMMETPUM NMPaBWIbHBIX MHOT'OTPAHHHUKOB B Pa3MepHO-
cTax 2 u 3 (a Ha caMoM JZesle, KaK OyZleT II0Ka3aHo B YeTBEPTO JIEKIINH,
U B 0001 Pa3MEPHOCTH) NOPOXNCOeHbl OMPANCEHUAMU, B CIEAYIOMINX
JBYX JIEKIIUAX MBI 3aiiMeMcsl Kiaccubukanueil gcex (B TOM 4YHCIe He
CBSI3aHHBIX HU C KAKUMH MHOTOTPAaHHUKAMU) T'PYTIIL, TOPOXKAEHHBIX OT-
paXeHUAMU. B TpeTbeil JleKUMM MO KaXKAOH Tako Tpymme OyzeTr Io-
CTPOeH HeKOTOpHIY rpad (HaspiBaeMbI epagom Kokcmepa 3TOU rpyi-
TTBI), YTO TIO3BOJIUT JATh MIPOCTOE KOMOMHATOPHOE OMUCAHUE BCEX TAKUX
rpynin. HakoHell, B 4eTBepTON JIEKIIUU MBI BepHeMcCA K IIpaBWIbHBIM
MHOTOTPaHHUKaM U J3aJUM IpPHU IMOMOIIU IOTYYeHHBIX PE3YyIbTaTOB O
IpyIIIax OTPaKeHUH ONMUCaHUe BCEX TAKUX MHOT'OIPAaHHUKOB (B 11060
pasMepHOCTH).

06 aToii Opourrope

Ora 6poropa HamycaHa [0 MaTepragaM OJHOMMEHHOTO Kypca M3
4yeThIpeX 3aHATUH, IPOYUTAHHOrO MHOIO B Hiose 2008 r. Ha VIII neTHel
mkose «CoBpeMeHHasA MaTeMaTuka» B JlyoHe. ITo cpaBHEHHIO C 3aImuc-
KaMH, pasZiaBaBIIMMUCA CIyIIaTesIAM [10c/Ie 3aHATUN, TEKCT CyIlleCTBEeH-
HO IlepepaboTaH U pacIIipeH.

BobIIMHCTBO YYaCTHUKOB 3TUX 3aHATUM COCTABJIAIM CTYAEHTHI IIep-
BOT'0 U BTOPOT'0 KypCOB MaTeMaTHU4YecKuX creluaabHocTel. [IoaToMy Te
KOHCTPYKIIMA U YTBEPXKAEHUA, KOTOPBIE OOBIYHO IPOXOAATCA B CTaH-
[ApTHBIX YHUBEPCUTETCKUX Kypcax JMHEMHOM U ob1uell anre6pel, 1 JIu-
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60 npeamnonarala U3BECTHBIMU, 6o OIrpaHNYMBaJICA KPAaTKUM HAIIOMM-
HaHHEM.

f 6narojapeH opraHuM3aTopaM IIKOJBI 3a MPEJOCTABJIEHHYIO BO3-
MOXXHOCTbB IIPOYECTDh 3TOT KYPC, a TAKXKE BCEM CIIYIIATE/NAM 34 UX aKTUB-
HOE y4JacTue, MHOI'OYUC/IEHHBIE COJEpXKAaTeJIbHble BOIIPOCH], KOMMEH-
Tapuu U obcyxaenua. I npusHaTeneH B. . ApHOIBAY, COOOUIMBIIEMY
MHEe KOHCTPYKIUIO HCKIIOYUTEIbHBIX NPAaBWIbHBIX MHOI'OTPAHHUKOB,
UCIIONB3YIOLIYI0 KBaTepHUOHEL, U I'. A. Mep3oHy, cAenaBlieMy psZ LieH-
HBIX 3aMedYaHuil K TekcTy. OTAenbHO Xouy mobsiarogaputh B. A. Kierm-
IIbIHA 34 IIOCTOAHHYIO IIOMOIb U IOAAEPXKKY; U KypC, XU 3TU 3alUCKUA
MOSIBWJIKCh BO MHOTOM 6J1arofiapsi €ro UCKpeHHEeMY WHTepecy, HaCTOM-
YUBOCTH U OOPOXKENTATETHHOCTH.

k) sk osk

Bo BTOpOM u3ZIaHWU GPOIIOPEl GBUI CYIIIECTBEHHO paCUIMpeH pas-
nen «VHTepMeausi» — Tyza AobaBIeHbl HEOOXOAUMbBIE CBeZieHUs 00 ai-
re6pe KBaTepHUOHOB. KpoMe TOTO, MCIIpaBJIeH PsiJi HETOYHOCTEMH U OTie-
YaTOK U MPUBeeHBI 60jIee MPOCThIE JOKAa3aTENbCTBA HEKOTOPHIX YTBED-
X)aeHui. f 6rarogapeH BceM YMTATENAM, BRICKA3aBIIMM CBOU 3aMeya-
HUs K TEKCTY, B ocoberHocTu U. B. Apxkaniiesy u H. I0. Measezro.



Jleknusa 1

CBeT MOii, 3epKaJiblie, CKaXH...

A. C. Ilywkun

1.1. TIpaBUIbHBIEe MHOTOTPAaHHUKU
Ha IUIOCKOCTH U B [IPOCTPaHCTBE

[Tycth E — KOHEYHOMEPHOE €BKJIM/J0BO NMPOCTPaHCTBO. O603HAYUM
yepe3 Sym E rpymity ABWKeHUN mpocTpaHcTBa E.

Omnpegenenue 1.1. [Tycte M — kakoe-1u60 MHOXKeCTBO B E. Yepes
Sym M o603HaYuM 2pynny cummempuil 3TOTO MHOXECTBA, T. €. MHOXe-
CTBO ZIBW)KEHUI mpocTpaHcTBa E, mepeBogsmux M B cebs (oueBUIHBIM
obpaszom, oHO obpasyeT rpymiy):

SymM = {f € SymE | f(M) = M}.

Yepes Symt M 6yzem 0603HadaTh 2pynny epaweHuil mHoxcecmea M,
T.€. TPylIly CUMMeTpHIl MHOXecTBa M, COXpaHAMIIUX OpHUEHTAIIUIO
NIPOCTPaHCTBA.

Onpeaenenue 1.2. BoinyxkasiM MHO202PAHHUKOM Ha3bIBA€TCs Orpa-
HU4YeHHasa ¢urypa M, moaydeHHasd Kak MepecedyeHre KOHEYHOT'O YIHC-
JIa TTOJTyTIPOCTPaHCTB B E. PasmepHocmbio MHOTOTpaHHUKA M Ha3bIBaeT-
cA pa3MepHOCTb HanMeHbIero apdUHHOTO nognpocTpaHcTea B E, co-
nepxamtero M. MHOTOTpaHHUK HA3BIBAETCS HEBbLPONCOEHHbIM, ECITU €TO
pa3mepHocTh paBHa dimE.

Jlasnee 1o MHOTOTPaHHUKOM MEI OyzeM 6e3 JOMOTHUTETbHEIX Oro-
BOPOK ITOZpa3yMeBaTh BBIIYKJIbIII MHOIOTPaHHUK.

Yunpaxuenwue 1.3. JlaliTe onpeseseHrie TPaHU MHOTOTPAHHUKA U ee
pasMepHOCTH.

Ecim M — MHOTOTpaHHUK, To rpymnna SymM 6yzeT cOXpaHATb ero
neHTp Macc. [ToaToMy MBI MOXEM paccMaTpuBaTh €€ KaK IOATPYIILY
B TpYIIIle OPTOrOHAJIBHBIX TpeobpasoBanuii O(V) BEKTOPHOrO IPOCTPaH-
crBa V, accOIIMMPOBAHHOTO C €BKJIW/OBLIM IIPOCTpPaHCTBOM E (mioMecTuB
HayaJIo KOOpPAMHAT IIpocTpaHcTBa V B IIeHTp Macc MHOTOTPaHHUKA).
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[Tyctp MHOrOrpaHHUK M HeBbIpOXAeHHBIN. Torza ABHKeHKe IIpo-
cTpaHcTBa E TOMHOCTBIO 3aZjaeTcs o6pasaMy BEPUIMH MHOTOIpaHHUKA.
Kpome Toro, mpu ABWXEHMU MHOTOI'DAHHHMKA BEPUIMHEI OOs3aHHI ITe-
pexXouTh B BeplIUHEI (1odemy?). CiefoBaTeNbHO, UMeeTCs BIOXeHHe
rpyansl SymM B T'PyIIy IMEepPeCTaHOBOK BepIIMH MHOTOTpaHHUKA M,
T. €. B CHMMETPHUYECKYIO I'DYIILy

SymM — Sym(Vert(M)).

3Hauut, Sym M — KOHe4YHasd I'pyIia.

IIpumep 1.4. TTyctb I, — NpaBWIbHBIA m-yronbHuk B R?. Toraa rpym-
ma SymD,, (ee Ha3BIBAIOT 2pynnoil 0usdpa) COCTOUT U3 2M JMEMEHTOB,
m U3 KOTOPBIX (0603HAYUM UX Iy, ..., Ijy_q) ABJSIOTCA IOBOPOTaMU Ha
yrbt 21tk /m, tae 0 <k <m (oHM e 1 06pasyroT moarpynmy Sym™ D, ;
IpY 3TOM 1y, = Id ecTh TOXKZeCTBEHHOE Tpeobpa3oBaHue), a APYTHE M CYTh
CUMMETPUH Sy, ..., S, OTHOCUTEIbHO IPSMBIX, COEAUHAIOUINX BEPIINHEI
m-yroJbHUKA U CePeUHBI €r0 CTOPOH C ero LIEHTPOM.

£
Sil

Puc. 2. O6pa3yrolnye Tpymniisl JU3Apa

Yopaxxnenue 1.5. [Tokaxute, yto SymD,, opoxXaeTca Kak Ipymmna
IBYyMsI IIpeoOpa3oBaHUSAMU: IIOBOPOTOM 17 Ha yroa 271/m u 6ol u3
CUMMETPHUH Sy.

Yopaxuenue 1.6. OnumuTe Kj1acchl CONPAXXeHHOCTH B I'pyIllie AU-
azpa (paccMOTpHUTE OTAEIbHO CIydyau YeTHOIO U HeUYeTHOIo m).

HeTpyzaHO BBIACHUTD, YeMy paBHa KOMIIO3UIUA ABYX IPOMU3BOIbHBIX
OCEBBIX CUMMETPHI Ha IUIOCKOCTH.
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Yupakuenue 1.7. IIycTb s 1 s’ — 0ceBble CUMMETPUN OTHOCUTENTHHO
npsambix £ u £’ coorBeTCcTBEHHO. [TOKa)XUTE, YTO 'S €CTh MOBOPOT HA
yron 20, rae § — yron mexay npsiMbivu £ u £’

3ameuanue. OTCIOZa CIEAYET, YTO OCEBbIE CUMMETPHHU S U S’ TIOPOIK-
JAI0T KOHEYHYIO TPYIINY TOTZla ¥ TOJMBKO TOTZAa, Koraa yroi 6 (B o603Ha-
YEHUSX MPEBIAYIIETO YITPAKHEHUS) COU3MEPUM C TL.

TeM caMBIM B TpymIle AU34PA BBHIIOIHEHO COOTHOLIEHUE Si (S, =T17-
VIHBIMM CJIOBaMU, KOMIIO3UIIUA CUMMETPHUI OTHOCHUTEIBHO /IBYX OCeil
CUMMETPUU M-YTOJbHUKA, YTOJI MEXKY KOTOPEIMU MUHUMAJIEH (T. €. CO-
cTaBisieT T/m), eCTb MOBOPOT HA yroa 21 /m. MBI MOIyYWIH €lle OAUH
CIIoco6 MOPOAUTH TPYIIITY AUSAPA ABYMs dI€eMEHTaMMU:

SymD,, = (S, Skq1)-

Yupaxuenue 1.8. ITycTh g U ¢’ — Ba 21€eMeHTa U3 TPYIIBI AUS-
pa D,,. BbIAACHUTE, IPU KAKUX YCJIOBUAX g U g TOPOXKIAIOT BCIO TPYII-
ny SymD,,.

Teneps neperizieM K ONMCAHUIO IPYIII CUMMeTPUH ITpaBWIbHBIX MHO-
TOrpaHHUKOB B R3. HayneM c TeTpaszpa.

IIpeanoxenue 1.9. ITycms T C R® — npasunshstii mempasdp. Tozda
Sym T uszomopdHa epynne nepecmaHogok S,.

JlokasarenbcTBO. Kak MBI yoxke 3HaeM, Ipynna CMMMeTPUIl MHOIO-
TpaHHVKA BKJIABIBAETCA B IPYIILY IIEPEeCTaHOBOK €ro BepyH: Sym T —
— By4.

JlokaxxeM, 4To 06pa3 3TOrO BJIOXKEHUS B CJIydae TETPasApa ecThb BCA
r'pyIla repecTaHoBOK G . [l 3TOro JOCTaTOYHO II0Ka3aTh, YTO IPyIa
SymT cozmep>XWT Bce CUMMETPHH, COOTBETCTBYIOLME TPAHCIIO3ULIUAM,
T. €. IIepecTaHOBKAaM, MEHAIOIIMM MeCTaMU JBa JIeMEeHTa U3 YeThIpex
Y OCTaBJIAIOLIMM Ha MecTe /jBa JPyTUX dlIeMeHTa.

[IpeabsaBUM CHMMETPUIO TE€TPadipa Oy, COOTBETCTBYIOIYIO TPAHC-
no3unuu (ij). 3To 6yAeT CUMMETPUs OTHOCUTENIBHO ILIOCKOCTH, IIPOXO0-
Jsmieli depe3 LIEHTP MacC TeTpaszapa U IepIeHANKYIIPHOHN pebpy, co-
eJIMHAIONIEMY (-0 U j-10 BepIInHBL. OCTaJbHbIE /IBe BepUINHBI TeTpasz-
pa 6yayT comepKaThCs B 3TOU IUIOCKOCTH, CJIeZl0BaTeNbHO, OyAyT Helo-
ABYDKHBI OTHOCUTEJIBHO O (cm. puc. 3). O

OTMeTHM, UYTO U IpyIIla CUMMETpUY AU3Jpa, U pyIIa CUMMETpU
TeTpasZpa MOPOXJAIOTCA OMPANCEHUAMU — CUMMETPUAMYU OTHOCUTENb-
HO MOANIPOCTPAHCTB KOPa3MepHOCTH 1; B ciiy4ae AU3pa 3TO ObLIH CUM-
METPHUU OTHOCUTENIBHO IPAMBIX, a B Clydae TeTpa’sfpa — CUMMEeTPUu
OTHOCUTEJIBHO IIJIOCKOCTEH.
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Puc. 3. CHMMeTpHst OTHOCUTENBHO IWIOCKOCTH I1;; cooTBeTCTBYeT TpaHcnosuuuu (ij)

Ynpaxuenue 1.10. [TokaxuTe, 4TO TPYIIy CUMMETPHUIN TeTpaszapa
Sym T MOXKHO TIOPOAUTD TPeMsi OTOOPaKEHUAMMU.

Ynpaxkuenue 1.11. Tlokaxkute, uro Sym™ T ecTh IpyIia YeTHBIX IIe-
PECTaHOBOK 2.

Onucanue IrpynI CUMMETPHM OCTaJbHBIX IPAaBUJIbHBIX MHOTOI'DaH-
HMKOB B R® MBI OCTaB/IsI€M YMTATENIO B KA4eCTBE 3a/Ia4Mq.

3agaga 1.12. a) OmuimuTe rpynnsl BpallleHW ¥ CUMMETPHM Kyba
U fojeKkaszipa (OHU COBIAJAIOT C COOTBETCTBYIOIIMMU I'PYIIIaMU IS OK-
TasZipa U UKocasJpa — noyemy?). A UMeHHO, JOKaXUTe, YTO Smer C=6,,
SymC =G, X Zy, Sym™ D=, SymD = As X Zy.

6) JlokaxkuTe, 4TO I'PYIIIIBI CUMMETPUH Kyba U JofeKasipa TOXKe I10-
POX/AIOTCA OTPAKEHUAMU (T. €. CUMMETPHUAMU OTHOCUTEIBHO IUIOCKO-
crelt). Kakoe HauMeHblllee KOJIMYECTBO OTPAKEHNUN HYXKHO B3ATh, YTO-
OBl TIOPOAUTD STU TPYIIIIHI?

Yxazanwue. /In onucaHus TPYNIbl CUMMETPUM Kyba paccMOTpUTe
ZleiCTBYE 3TOH TPYIIIBI HA YeThIpeX IVIABHBIX AMaroHaIAX Kyba. Jii onu-
CaHWs TPYIIIHI ZoAeKadpa MOXKET IIPUTOAUTECA CIeAYIOMUi GaKT: B J0-
ZieKadp MOXKHO BIIHCATh IATh KyOOB (OHU HasbIBaroTCsA Kybamu Kennepa).

1.2. I'pynmbl oTpaxkeHMiA:
OCHOBHBIE OIIpe/ieJIeHUA U MepBble IpUMepPHI

Mpsbl pacCMOTpPEIN I'PYIIIIBI CI/IMMeTpI/Iﬁ NIpaBUJIbHBIX MHOTOYT'OJIbHU-
KOB M INUIQTOHOBBIX T€JI W BBIACHH/IH, YTO OHH BCE O6HaﬂaIOT 3aMeya-
TEJTbHBIM CBOMCTBOM: OHU MIOPOXAAKTCA OTPAXKEHUAMU OTHOCUTEIBHO
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MPSIMBIX U IUIOCKOCTEH COOTBETCTBEHHO. II03TOMY eCcTECTBEHHO OBLIO
6b1 0606IIUTD TIOHATHE TPYIIIL, TOPOXKAEHHBIX OTPAKEHUAMMU, Ha CIydait
IIPOCTPaHCTBa IIPOU3BOIBHON Pa3MepHOCTH U M3yYUTh CBOMCTBA TaKUX
TpyIIl. DTUM MBI cefiyac U 3aiMeMcs.

Wtak, nyctb V —n-MepHOe €BKJIWJOBO BEKTOPHOE IIPOCTPAaHCTBO
Hag R. Bo3pMeM KakoH-HUOYAb HEHy/NEBOH BeKTOp d € V. O6o3HauUM
yepe3 H, OpTOroHaJIbHYIO €My I'MIIEPIUIOCKOCTb:

Ha:{f)GV|(a,f)):0},

Onpeaenenue 1.13. Ompaxceruem OTHOCUTENBHO T'HMIIEPILIOCKOC-
! H, Ha3pBaeTcs mpeobpasosanue s, € O(V), yaoBIeTBOpsIOLIEe Cie-
ZYIOIIUM YCIOBUAM:

o sg(a)=—aq;

® 5, TOTOYEYHO OCTAaBJAET HAa MecTe «3epkano» H: s, () =f ana
Bcex B€H,,.

Yupaxkaenue 1.14 (ouens BakHoe!). JlokaykuTe, 4To nmpeobpasoBa-
HUe S, 3aJaeTcs cIeayroei GopMyIo:

@)
Sq\) = K—Z(a o
Onpepenenue 1.15. Koneunas noarpynmna W C O(V) HasbiBaeTcs
epynnoil ompanceHuil, eClIy CyIIeCTBYIOT TaKue OTPAKEeHUs Says -+ Sa,s
4To
W =(sq,, e Sq, )

3ameuanue. [IpaBwibHee ObUTO OB HasbiBaTb W 2pynnoil, nopoxc-
OeHHOU ompaxceHUsMU, TaK KaK OHa, pa3yMeeTcsl, COCTOUT He TOIbKO U3
oTpakeHu#. Ho BhIpaskeHUE «TPYIIa OTPaXKeHUl» KOpoUe, TaK YTO MbI
ITO3BOJIMM cebe 3Ty BOTBHOCTh PedH.

3ameuaHUe (74 clienyaancToB). MEl olipe/iesiseM rpyIIly oTpake-
Huit kak noarpymmy B O(V). Takum o6pa3om, IPyIIIoi oTpaKeHUH mpa-
BWIBHO CYUTATh He abCTPaKTHYIO IPYIIITY, a apy, COCTOSILYIO U3 TPYIIIBI
W u ee QUKCHPOBAHHOTO IIPeACTaBJIEHNUI B IPOCTPaHCTBe V.

B 3aBepiieHre 3TOU JIEKIIMU MBI IPUBEAEM TPU BaXXHBIX CEPUU MIPU-
MepOB T'PYIII OTPAKEHUH B IIPOCTPAHCTBAX IPOU3BOJBLHON pa3MepHO-
cTH. Y 3THUX TPYIII AaXKe UMEIOTCsA COOCTBEHHbIe Ha3BaHUs: A,, B, u D,,.

IMpumep 1.16 (A,_,, n = 2). [lycTh ey, ..., €, — OPTOHOPMUPOBAH-
HBIH 6asuc pocTpaHcTBa V. PaccMOTpuM cummempuueckyto epynny S,
JefCTByOlIyIo Ha V MepecTaHOBKaMU 0GasUCHBIX BEKTOPOB. 3aMeTHM,
4yTO TpaHcrmo3uusa (i, j) ZefCTByeT KaK OTpakeHHe, TepeBoZsllee BeK-
TOp €; — €; B MPOTUBOIIOJIOXKHBIA U OCTaBJAKIIEE HA MECTE OPTOro-
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HaJIbHYIO €My I'MIIePIUIOCKOCTD (COCTOAIIYIO U3 BCeX BEKTOPOB, ¥ KOTO-
PBIX PaBHHI i-1 U j-A KoopAuHaThI). [lockonbKy rpymmna &, nopoxzeHa
TPaHCHO3ULIUAMH, OHA ABJIAETCA IPYIIION OTPa)KeHUH. 3aMeTHM TakkKe,
YTO OHA Zaxe Mopoxzaaercs n — 1 TpaHcmo3unen Buga (i, i+ 1); ato
IpeZicTaB/leHUe IPUTOAUTCA HaM B JaJbHeHIeM.

Yupaxkuenue 1.17. Y6enurecs, 4To npU TakoM Jeticteuu G, Ha V
BCe OTPa)XeHHUs COOTBETCTBYIOT TPAHCIO3UIUAM B & ..

JeiictBue &, Ha V MOXHO «yMeHBUINTb», pacCMOTpPeB B V rumep-
IUIOCKOCTD V = (e;+ey+... +en)L. Ilocko/MbKYy BEKTOp e +e,+ ... +¢e,
WHBapHaHTeH OTHOCUTENbHO &, rpynna &, JefcTByeT U Ha V.Y aroro
JleMiCTBUA y)Ke HeT HeHYJIEBBIX BEKTOPOB U JaXe MOAIIPOCTPaHCTB, MH-
BapUaHTHBIX OTHOCUTE/IBHO BCel I'PYIIILL. B TakoM cilyyae rOBOPAT, 4YTO
V sBasercs HenpugoouMbimM npedcmas.ieHuemM Tpymisl S,,.

Ipumep 1.18 (B,,, n = 2). ITycts cHoBa V =R". [IycTb Ha V, Kak U B
IpeAbIAyIeM IIpuMepe, AeHCTBYeT IlepecTaHOBKaMU KOOPJAWHAT T'pyII-
na &,. PaccMOTpUM ellle n OTPAXKEHUH S, , KOXK/AOE M3 KOTOPBIX 6yzet
IepeBOAUTH OA3UCHBIN BEKTOD €; B —e; ¥ OCTABJIATh BCE OCTAIbHbIE Oa-
3UCHBIE BEKTOPBI HA MecTe. DTU CMEHBI 3HAKOB 0Opa3yloT TPYMILy II0-
pazka 2", usomopoHyto (Z,)". TlomydeHHbIe ABE TPYIIIHI TEPECEKAIOTCS
TPUBUAJIBHO, U (Z,)" ecTh HOpMaJIbHAs NOATPYIIIA B UX IPOU3BEAEHUN
(Tak Kak ecu oniepaTop CMeHBI 3HaKa collpAraeTcs NpY IOMOIIY KaKOH-
60 TepecTaHOBKU KOOPAWHAT, TO IIOMYYAeTCs JPYroi olepaTop cMe-
HBI 3Haka). Utak, Ha V gelicTByeT rpynna W, aeismolasaca IpousBese-
HUeM 3TUX JIByX I'PYIII ¥ UMeIoIas Mopsgok 2" - nl.

3ameuanue. [lonydeHHas KOHCTPYKLIUA ABJIAECTCA NOJLYNPAMbIM NPO-
usgederuem rpynn S, u (Z,)"; ee npuHATO 0603Ha4YaTh S, X (Z;)".

IIpumep 1.19 (D,, n = 4). Dta rpynna 6yeT NOATPyIION UHAEKCA 2
B TOJIBKO YTO ONKMCAHHOM rpymie B,. A UMEHHO, pa3pelluM IepecTas-
JIATb KOOPAMHATEL IpU noMomu &, ¥ MEHATDb 3HaK y UemHo020 Koaude-
cTBa KoopAuHAT. [TosydnuM rpyiy, OPOXAeHHY0 OTPaXeHUAMH OTHO-
CUTENIbHO €; —e; U ¢; +¢;, TAie 1 # j. DTO IeHCTBHE TOXKe He OyAeT NMETh
WHBAapUaHTHBIX BEKTOPOB (IIpoBephTe 3TO!).

Yupaxkuenue 1.20. a) Jlokaxkure, 4to A, =SymDs, a B, =SymD,.

6) Jlokaxxure, 4TO IPynIbl A3 U D3 N30MOPQHBL.

Ynpaxuenwue 1.21 (npogomkeHue 3agauu 1.12). Kakue us Tpex rpynn
CUMMeTPUH IJIATOHOBBIX TeJl IpUHAJAIeXaT cepuaM A, B, wiu D, ? Ye-
My paBHBI COOTBETCTBYIOIINE 3HAYEHUA n?
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3pu B KOpeHb!

Kosbma IIpymxos

B mpoIutoii JIeKIUM MBI Hadaly pacCMaTpUBaTh T'PYIIIbI OTPaKe-
HUI — KOTOPHIMH, B YACTHOCTH, OKA3aJIUCh IPYIIIIBI CAMMETPHI TPaBUIb-
HBIX MHOTOYTOJBHUKOB Ha IUIOCKOCTUA WM TPaBWJIbHBIX MHOTOTPAHHUKOB
B TPEXMEPHOM TIPOCTpaHCTBe. Kak MBI IOK&KEM B JIEKIWU 4, TPYyIIIaMU
OTpaKEHUH OKAXKyTCs U TPYIIITBI CHMMETPUI TIPaBUIbHBIX MHOTOT DAaHHHU-
KOB ITPOM3BOJIBHOM padMepHOCTU. [109TOMY eCTECTBEHHO U3YIUTD IPYIITIHI
oTpakeHui boree OAPOGHO, YeM MBI ceityac U 3atimemcs. JlJist 3Toro Ham
MTOHAZIOOUTCS TaKOM MHCTPYMEHT, KaK CUCMeMbl KOPHell.

2.1. Cucrembl KOpHeil

[Tycts W — rpynna oTpaxkeHUi, JeficTByIoasa Ha IpocTpaHcTBe V.

Ipeanoxenne 2.1. Ecau t € O(V) — npousgonbHoe 0OPMO2OHAIbHOE
npeobpasosatue, a s, € W —ompasiceHue 0mHOCUMENIbHO 8eKmopad d.,
mo ts,t~! =s,, — ompasenue omHocumenvHo gekmopa to. B uacmo-
cmu, ecau weW, mou s, €W.

JlokazaTeabcTBO. SICHO, UTO ts,t™ ' MEepPeBOAUT BEKTOP to. B IIPO-
TUBOTIONOXKHBINA eMy. Tak 4TO HYXKHO JIMIIb TI0Ka3aTh, 4TO ts,t  MOTO-
YEYHO OCTAaBJIAeT Ha MeCTe TMIepIIOCKOCTb H,,. 3aMeTHUM, 4TO YCIOBHUE
A € H, paBHOCWJIBHO TOMY, 4TO tA € H,,, Tak Kak (a, A) = (ta, tA). 3Ha-
qur, (ts,t™ 1) (tA) =ts, A =tA, ecntu A€H,,. O

3uauut, rpynna W Kak-TO [EpeCcTaBiseT mpsMble (L), COOTBETCTBY-
I0IIlIe BCEBO3MOXXHBIM OTpaXkeHUuAM s, € W. OukcupyeM Ha KaxAou Ta-
KOU NpAMOU mapy BEKTOPOB {0, —0Ol}, AJIMHBI KOTOPHIX ITOJIOXXHUM paB-
HbBIMM eguHuIle. [lomydyeHHBIH HAab0p BEKTOPOB HA3bIBAETCS CUCMEMOT
KOpHell, COOTBETCTBYyOLIeH Tpyte W.

Jaaym a5 cucTeMbl KOpHel akcuoMaTH4ecKoe oIlpeZiesieHue.

Omnpegenenue 2.2, KoneuHsiii Ha6op BeKTOpoB ¢ C V Ha3bIBaeTCsA CU-
cmemotl KopHeil, eCJTi OH YZIOBJIETBOPSIET CIEAYIOUINM ABYM aKCHOMaM:

RD: PNRa={a, —a};

(R2): 5,® =9 ana Bcakoro o € 9.

CaMu BeKTOPHI U3 Habopa ® Ha3bIBAIOTCA KOPHAMU.
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3ameuanue. 113 akcroM (R1)—(R2) BooObIile TOBOPs, HE CIEAYET, YTO
BCe KOPHU UMEIOT OJWHAKOBYIO JJIVHY.

[To akcuomaTHyecKy oIIpeZieleHHOU cucTeMe KOopHel & MOXKHO IIo-
CTPOUTH T'PYIITy OTpaxkeHUi W: aT0 OyzeT rpyIia, MOpoXAeHHAasI OTpa-
JKeHUSAMU OTHOCUTEIbHO BceX KopHei u3 &.

Yopaxkuenue 2.3. [TokaXuTe, YTO OIpefeeHHas TaKuM 06paszom
rpymmna 6yAeT KOHevHa.

Yupaxkaenue 2.4. [Tycts & — HabOp U3 2m eAMHUYHBIX BEKTOPOB Ha
IUIOCKOCTH, TIPUYEM YTOJT MEXKAY JIOOBIMU AByMsI COCEJHUMU BEKTOPAMU
paBeH T/m (Ha puCyHKe u300paskeHa cutyauus m =4). JIoKkaxuTe, 4To
® gaBnsgeTca cucTeMol KOpHel, a COOTBETCTBYIOLAs TPyTiNa OTpakeHUH
ecTb I'pymmna auszapa SymD,,.

Puc. 4. CucteMa kopHei rpynmnel B, = SymD,

2.2. TIpocTeie ¥ MOJIOXUTEJIbHbIe KOPHU

Omnpezgenenue 2.5. TpaH3UTUBHOE OTHOIIEHMe < Ha V Has3bIBaeTcAa
OomHouwleHuem (uHeliH020) nopsidka, ecIv BHITOTHEHB! CIIEAYIOIHe YCIo-
BUSA:

* /i MIOOBIX HE PaBHBIX APYT APYTY BEKTOPOB A, U €V mubo A <,
6o u < A;

* et A<, TO A+ v <+ v A5 moboro BekTopa v EV;

* ecu A <, TO cA < cl TIPH BCEX JEUCTBUTENBHBIX ¢ >0 U ¢y < CA
npu Beex ¢ < 0.

BeKTOp A Ha3bIBAETCSA NOJI0NCUMENbHbIM, eClu 0 < A.

3ameuanue. Takue OTHOIIEHUA MTOPAZAKA HA V CyIIeCTBYIOT. A UMeH-
HO, ¢ KaXAbIM 6asucom (Aq, ..., A,) MOXXHO CBSI3aTb JIMHEHHBIN MOPSI-
MoK Ha V, 3a7aBaeMblii JleKcuKorpadpuuecku: o =y a;A; <= Y.bA
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TOT/ZIa ¥ TOJIBKO TOT/A, KOTZA /IJISi HEKOTOPOTO j BBITOJIHEHO HEPAaBEH-
CTBO a; <b; ¥ TIpH Bcex i < j BHINOJHEHO PABEHCTBO a; =b; (T.e. Habop
(ay, ..., a,) KaK «CJIOBO B CJIOBape» UJET paHblIile, yeM Habop (b, ..., b,)).

3agaua 2.6. Y6equTech, 9TO JAaHHBIM MPUMEPOM HKCYEPMBIBAIOTCS
BCe BO3MO)KHbIE OTHOIIIEHHUA TOPsiAKa Ha V. A UMEHHO, MTOKaXXUTe, YTO
ZJ1s1 TI060T0 OTHOIIEHUS MTOPsiAKa cymecTsyeT 6asuc (A, ..., A,), OTHO-
CUTEJIbHO KOTOPOTO 9TO OTHOIIEHWE MOPsAKA SIBJIAETCA JIeKCUKorpadu-
YECKUM YIIOPSI0YEHUEM.

Bribepem U 3adpuKCHpyeM KaKoW-HUOYAL JTUHEHHBIM TOPSAOK Ha V.
C €ero MOMOIIBIO MBI IPOBEZIEM CJIEAYIOILYIO KOHCTPYKIIHIO.

Omnpeaenenue 2.7. Cucmemotl nosojicumenbHsvlX KopHell B ® Ha3bIBa-
€TCsI MHOXXECTBO

MN={aed|0<a}l.

MHoxecTBO —I1 Ha3BIBaeTCA cuCmMeMoll OmpuyamenbHulx KopHeli. SICHO,
gro & =1L (—IT). 3ameTHM, 9TO U3 KaXKAOU Aapbl KOPHEHN {al, —a.} POB-
HO OZIUH fIBJIAETCA MTOJIOXKUTEIbHBIM, a [PYroil — OTpUIlaTeIbHBIM.
Omnpeaenenue 2.8. ITotMHOKecTBO A C & HasbIBaeTcs cucmemol
NPOCMbLX KOPHell, eCJIV BHITIONTHEHHBI CJIeYIOLINE 1Ba YCIOBUA:

* A sBysgeTcs 6a3ucoM /I TMHEHHOM 060JI0UKY CUCTEMBI KOpHEH ®;

* BCAKWH BEKTOP o € ¢ ecThb JIMHEHHAA KOMOUHAIIIA Zch, rae Bce Y
NprHazAIexaT A 1 Bce ¢, UMeT OZMHAKOBBIM 3HaK (6O Bee I0JIO-
KUTEJbHEL, IN0OO BCEe OTPHUIIATEIbHBI).

Yupakuenue 2.9. PaccMOTpyM cUCTEMY KOpPHei, n300pa’keHHYIO
Ha puc. 5. OnuImuTe MOpsAAOK, OTHOCUTEIBHO KOTOPOI'O MHOXKECTBO KOP-
Hel, JeXalux B 3alITPUXOBAHHON 06acTy, 0bpasyeT CHCTEMY IIOJIO-
JKUTEJNbHBIX KOpHEH. Y6eanuTech, 9YTO IBa OTMEUYEHHBIX KOPHA 00pasyloT
CUCTEMY IIPDOCTBIX KOPHeH.

A priori HefICHO, YTO CHCTEMBI IIPOCTHIX KOPHEH BOOOIIE CyIIECTBY-
10T. VIX cylecTBOBaHMe BhITEKaeT U3 Cleyollell TeopeMbl.

Teopema 2.10. 1. Ecaiu A — cucmema npocmwlX KOpHell, mo cyuje-
cmayem eOUHCMBEHHAS. CUCMeMd NOJIOXCUMeNbHbIX (OMHOCUMEeNbHO He-
Komopozo ynopsidouenus Ha V') kopHeli I1, codepacawjan A.

2. Besikas cucmema nosnoxcumensHoix kopHetl IT codepocum eduHcmeeH-
HYI0 cucmemy npocmsix KOpHell A (8 uacmHocmu, makosble Cyulecmayront).

Joka3zaTenbcTBo. 1. EJWHCTBEHHOCTH CleAyeT U3 TOr'O, 4TO BCE
HeOoTpHUIIaTeIbHbIE JUHENHbIE KOMOMHAIUY BEKTOPOB U3 A, Jiexallne
B ¢, nomxHBI npuHaAexaTs I, T.e. MHOXecTBO I onpezeneHo ofHO-
3HayHO. YTOOHI MOKa3aTh, YTO I CyIIecTByeT, ZOMoMHUM A 0 6asuca
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Puc. 5. CucreMa IOMOXXUTENIbHBIX U IIPOCTBIX KOPHEH

Bcero IpocrpaHcTsa V u Bo3bMeM B KadecTBe II MHOXXeCTBO BEKTOPOB
u3 &, IMONOXKUTENBHBIX OTHOCUTEIBHO COOTBETCTBYIOIIEro JIEKCHKOTpa-
b14ecKkoro ynopsazodeHus.

2. EAMHCTBEHHOCTB: ITyCTh I COAePKUT CUCTEeMy IIPOCTBIX KODHEH A}
TOTZa A ompezessaeTcsa OAHO3HAYHO KaKk MHOXKeCTBO BeKTOpoB us I, He
MIPE/ICTABUMBIX B BU/E MOJIOXKUTETbHOU JIMHEHHON KOMOWHAIMY ABYX
u 6osee BeKTOpOB U3 I1.

CymiecTBoBaHHe. BribepeM MUHUMATbHYIO CUCTeMy (IIO BKJIIOYe-
HII0) A € I1, 06/1aJal0IIyI0 TeM CBOMCTBOM, YTO BCAKHil KOpeHb B I
eCTh HeOTpHUIIATeIbHAA THHeHHAsA KOMOUHALYA KOpHe# u3 A. Takas cu-
cTeMa C OYeBUHOCTBIO CYIIEeCTBYeT; HaZlo A0Ka3aTh, 4YTO OHA JIMHEHHO
He3aBHCHMA. JDTO OyZeT ClIefoBaTh M3 TAKOTO MpeIOXKeHUs, KOTOPOoe
MBI ZIOKQ)KeM 4yTb HIDKE.

Ipeanoxenue 2.11. /[na a1060ii napst He pagHblx Opye Opyey KopHell
a, B € A sbinonmsemes nepasercmso (a, ) <O.

[TokakeM, Kak U3 3TOTO IpeAJOKeHUA CleflyeT JUHeliHasa He3aBUCH-
MOCTB crcTeMsI A. [IycTh MMeeTcs HeKOTOpas HeTpHBUATbHAS IHHEHHA
KoM6uHanusa Y a;o; = 0. [TepeHeceM Bce caraemble, KO3GQHUIMEHTHI Te-
peZ KOTOPBIMU OTpHIIaTe/NbHEL, B IIPaByIO YacTb. [lomyynM paBeHCTBO

o= Zbiﬁi = Zcm, rae b;, ¢; > 0.

Torma cormacHo BBILIEIIPUBEAEHHOMY YTBEPXIEHUIO

0<(o,0)= (Zbiﬁb ZCiYi) <0,

OTKyZa ciefiyeT, 4To ¢ =0, 1 MBI [T0Jly4aeM IIPOTHBOpeyre.
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Ocrasnochk fJokasaThb npeAnoxeHue. JJokakeM ero OT IPOTUBHOIO.
[TycTh OHO HEBEPHO AJIA HEKOTOPHIX o, 3 € A. 3anumiem

B,
(a, a)

[TocKombKY s, f3 €, MBI 3aKiMI0OUaeM, uto ubo s, €1, mubo —s P €1I1.
PaccmoTrpuM cHavana ciayda# s, 3 €I1. [Iycts

saf = ZCYY,

rZie BCe KOPHU Y TPOCTHIE, a BCe ¢, He MeHblne 0. BO3MOXHBI ABa T10A-
cTyJas.
a) Koapounuent cp <1. Torza

sBp=Pp—ca= C5ﬁ+ZCYY.
Y#P

sqfp=P—ca, tnec=2 > 0.

3HAYWUT,

(I—-cpB= ca+Zch.
Y#B

[Tony4yaeTcs, YTO OZWUH MPOCTOM KOpPeHb BhIPaXKEH KaK IMOMIOKUTEeTbHAA
JIMHeHHass KOMOGMHAIUA APYTHUX, YTO IPOTUBOPEYUT MUHUMATbHOCTH.
6) IycThb ¢p = 1. AHaJIOTMYHBIM obpaszom mosrydyaem

0=(cg— 1)ﬁ+ca+Zch.
7B

[Momy4aeTcs, 4TO JIMHEHAasA KOMOMHAINA BEKTOPOB U3 I1 C IOI0XKUTEND-
HBIMH K03bOUIIMEHTaMU paBHA HYJIO, YTO HEBO3MOXKHO B CIULY aKCHOM
JIMTHEWHOTO MOPsAAKa.

AHAJIOTUYHO MOXKHO IIPOBEPUTE, UTO S, 3 & —I1. O

Yonpaxuenwue 2.12. [Ipogenatite 3To0.

CnepcrBue 2.13 (13 fokasartenbcrBa). Eciu A — cucmema npocmuix
kopHetl, mo (a, B) <0 dna scex a, B € A. HHaue 2080ps, 8ce Yesibl Mencdy
NpoCMbLMU KOPHAMU HeOCmpble.

3azaga 2.14. HalizuTe cucTeMBl IOJOXXUTENbHBIX M IIPOCTHIX KOp-
Hel 1A cucTeM KOpHelM, COOTBETCTBYIOIIUX I'PYyIIIaM OTpaskeHUMU, KO-
TOpble OBUTM OIVCAHEI B KOHIIE MIPOIUIOH jiekiuu (cepuu A, B, D).

OTBeT Ha 3Ty 3ajja4y NpPUBEJEH B CileAyiolneii Tabiuie. 37ech de-
pes ey, ..., €, 0003HAYeH OPTOHOPMHUPOBAHHEIN 6a3UC B MIPOCTPAHCTBE
V= R". JIuHeHHbIN TOPSAOK, OMPeAeTAONINI yKa3aHHbIe B TabIUIlE CH-
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CTeMBI [TOJIOXKUTETbHBIX KOPHEH, — 3TO CBA3AHHBIN C 3TUM 6a31COM JIEK-
cUKOTrpapuIecKuil MOPAAOK.

CucreMbl KOpHel TUNIOB A, B u D

Apq | @ [ e—e;, 1<i,jsn
Il | e—e, 1<i<js<n
A | e —eye,—es, ..., 1—¢€,

B, ® | *e;xe;, 1<i,j<n; +e;, 1<i<n
Il | exe;, 1<i<j<n; e;, 1<i<n
A | ej—eyen—e3,..,€, 1€, €,

D, ¢ | te;te;, 1<i,j<n
I |e=xe, 1<i<j<n
A | e —eye;—es, .., 16,6, 1+e,

2.3. Conpsa:KeHHOCTh CUCTEM IIPOCTBIX
U MIOJIOKUTEJbHBIX KOPHEH

31ech U Jajnee Mbl QUKCUPYEM CHCTEMY MPOCTHIX U MOJIOXKUTETHHBIX
kopHed A CIIC .

VI3 ompezesneHus ciaeAyeT, YTO IpU JOO60M w € W MHOXeCTBO WA
TOXKe 6yZIeT CUCTEMOI MTPOCTHIX KOpHEH, a wIl — cUCTEMOM TTOMTOKUTENb-
HBIX KopHeli. OkaseiBaeTcsa, eciau o € A, 10 s,I1 u II oTmyaroTcs Ha
OAVIH KOpEHb.

Mpepmoxkenue 2.15. [lyems A CII, u a € A. Tozda s,(I1\ {a}) =
=I\{a}.

MoxkaszarenbcTBo. Ilyctb BEM\{a} up=>, ¢,Y — MPEeACTaBIEHNE
KOpHA 3 B BUJe JUHEHHOW KOMOWHAIIMKM IPOCTHIX KOpHeH. [Ipu Heko-
TOPOM BEKTOPE Y 7 0L HAMJETCs CTPOTO MOJIOKUTETbHBIN KO3 PUIeHT
¢y >0. OTpasuM [3 OTHOCHUTEINBHO Q:

SaP =P —ca.

Koaddumnuent npu y B pasnoxeHuu s 3 He maMeHHTca (T.e. OH pa-
BEH C,). 3HAYUT, S, [} — IOIOKUTENbHBINA KOPEHb. [Ipy 5TOM ACHO, 4TO
OH He paBeH a. ClIeoBaTeNbHO,

St I\ {a} = M\ {a}. O
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VI3 3TOro mpeasiodKeHUs HETPYAHO BHIBECTH TEOPEMY, IIOKA3BIBAIO-
IIyI0, YTO T'€OMETPUYECKH BCE CUCTEMBI IOJOXHUTENbHBIX U TPOCTHIX
KOpHeH /I JaHHOM CUCTEMBI KOPHEl YCTPOEHBI ONTHAKOBO.

Teopema 2.16. Bce nosnoscumenvHble (CO0MBeMcmMaeHHO NpPocmble)
cucmembsl KopHell 8 ¢ conpsicervl Opye Opy2y omHocumensHo delicmeus
epynnst W.

3agaya 2.17. JJokaxxuTe 3Ty TEOpeMy.

VI3 1oKa3aHHBIX YTBEPXKAEHUI IIOMyJaeTcs MOMe3HOe CJIEICTBHE: OKa-
3bIBaeTCs, A KaXKJ0ro KOPHA HabijeTcs cozep:kalas ero cucTeMa Ipo-
CTBIX KOPHEH (T. e. KQKBI KOPEHb MOXKET UTPATh POJIb IPOCTOTO KOPHS).

CrneactBue 2.18. /s 0aHHOU cucmembl NPOCMbLX KOPHell A u 0aHHO-
20 kopHAa [} Halldemcs maxkoil anemenm w € W, umo w - € A.

Yopaxuenue 2.19. Ilycth & — cucTemMa KopHel paHra n, U IycTb
A’ C & —Ha6op n BEKTOPOB U3 &, MoMapHbIe YIVIbl MEXIY KOTOPHIMM
PaBHAIOTCS MOMIAPHBIM YIJIAM MEXy BEKTOPaMU CUCTEMEI IIPOCTHIX KOP-
Heil A C . JlokaxuTe, 4TO Torza A’ TOXe ABIAETCA CUCTEMOM TPOCTBIX
KOpHe.

2.4. I'pynima oTpakeHHH MOPOXKJaeTcs
MPOCTHIMHU OTPaKEHUIMHU

Y mpocThIX KOpHEH ecTh 3amMedaTe/IbHOe CBOMCTBO: HECMOTPA Ha TO
YTO OHU OOBIYHO COCTABJAIOT JIUIIb HE3HAYUTENbHYIO YacTh CHCTEMBI
KOpHeM, oTpakeH!s OTHOCUTENIBHO HUX ITOPOXKAAIOT Beto rpyniy W. Met
3TO yKe BU/IeU B CciIydae TPYyTIIbL JU3/pa, I/le TPyIIia opokjanach JABYy-
Ms OTpaKeHUAMHU. JJoKakeM 3TO B 00IIeM ciyJae.

Teopema 2.20. I[Tycmb A — cucmema npocmoix kKopHeil. Toeda W =
=(sqla€A).

JoxkazaTenberBo. Ilyctb W/ = (s, | @ € A) —noarpynmna B W, mo-
pOKZeHHas IPOCTHIMU OTpaskeHUAMU. JJoKakeM, UTO OHa COBIIaZlaeT Co
BCEU T'pPyIION.

JlokazaTesnbCTBO 3TOT'0 MBI IIPEZCTaBUM B BUJle CepUM YIIpaKHEHUI.

Yopaxxknenue 2.21. JlokaxxuTe, YTO JJIA BCAKOI'O IIOJIOXXKUTEIBHOI'O
KOpHSA Y HaiifleTcs KopeHb o € A, ayig koToporo (y, a) > 0.

Omnpeaenenue 2.22. Ilycte B €@, f = Zch, rae Y € A. Boicomotl
KopH# (3 HasbiBaeTcsA uncio ht(B) =D ¢y- B 9acTHOCTH, BBICOTA BCAKOTO
TIPOCTOTO KOpHA paBHa 1.

Yupaxuenue 2.23. ITycts § € I1. Bosemem MHOXecTBO W/B NI (0HO
HETIYCTO, TaK KaK COAEP)KUT [3) ¥ BEIOEpEM B HEM JIEMEHT Y MUHUMAJIbHOM
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BBICOTHIL. JlokakuTe, 4To Y € A (T.e. BCAKUHN ITOTOXUTEIbHBIN KOpeHb MO-
JKeT OBIT TTepeBeZieH B IMPOCTOH MPY MOMOIIIY JIUIIIb TIPOCTBIX OTPaKEHUIL).
YopaxxneHue 2.24. BeiBeguTe 0TCIOfa, YTO W A=®.
YopaxxaeHue 2.25. BeiBeauTe 13 IIpebIAYILETrO YIIPRXKHEHUA U IIpeJ-
JoxeHus 2.1, ato W =W',
DTO 3aBepluaeT A0Ka3aTeJabCTBO TeopeMel 2.20. |

2.5. MHororpaHHble KOHYCbI 1 IBOICTBEHHOCTb

[lycTh a4, ..., O €V — IPOU3BOJIbHBINM KOHEUHBIN HAG0P HEHY/IEBBIX
BEKTOPOB. PacCCMOTPUM MH0202PAHHbLIL KOHYC, IOPOXKAEHHBIH 3TUM Ha-
60pOM, T. €. MHOXKECTBO JIMHEHHBIX KOMOUHALIUM 3TUX BEKTOPOB C HEOT-
PULIATENBHBIMY KO3bOUITEHTaMU:

K = {C1a1+...+ckak | C; = O} cV.
Mo>xHO pacCcMOTPETb MHOXKECTBO
K'={AeV|(\,a)=0 Vi}={AeV |, uw) =0 VuekK}.

IIpumep 2.26. [Tycts K —KoHyc B R2, T.e. IVIOCKU yron Beaudu-
ubl o. Torga KV 6yAeT IUIOCKUM YIJIOM BEIWYMHBI T — O, GHCCEKTpHCa
KOTOPOT'O COBMaZaeT ¢ 6uccekTpucoi yria K (cMm. puc. 6).

Puc. 6

MOHO JOKa3aTh, 9TO B obmeM ciaydae K'Y Toxe SBISETCA MHOIO-
TpaHHBIM KOHYCOM, T.e. Ioy4daeTcs KaK MHOXKeCTBO IIOJIOKUTENIbHBIX
JIMHEMHBIX KOMOWHAITUM HEKOTOPOTO KOHEYHOT'0 Habopa BeKTOpoB. Jlo-
Ka3aTeabCTBO 3TOT'0 MOXKHO IPOYeCThb, HallpuMep, B I7aBe 1 kHuru [7].

ByzeM Ha3bIBaTh €ro KOHYcoM, 0golicmeeHHbiM K K.

Ynpaxuenue 2.27. Jokaxure, uto (K¥)Y =K.

Buympennocmoio IntK xonyca K 6yzeM Ha3blBaTh €r0 MHO)XECTBO
BHYTPEHHUX ToueK (B craHzapTHOI Tomosoruu B R"). Ecmu konyc K
HEBBIPOX/eH (T.e. BEKTOPHI Oy, ..., 0 IOPOXKAAIOT BCE MPOCTPAHCTBO V),
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T0 Int K ecTh MHOXKECTBO NOJONCUMENbHBIX TUHENHBIX KOMOHUHAIIMIT BEK-
TOPOB Qq, ..., O:

IntK = {c;04 +... + o | ¢; > 0}.

B mporuBHOM city4ae IntK =(@.

3azaya 2.28. [Iyctb K u L — ;Ba MHOI'OI'paHHBIX KOHYyca. JJOKaXXuTe,
yTo L C K TOTZIa ¥ TONMBKO TorAa, xorzma KV C LY.

O6o3HaunM yepe3 —K 06pa3 koHyca K IpH IleHTpaJbHOM CHMMET-
PUM OTHOCUTEIBHO HYJIA.

Ipeanoxenue 2.29. ITycmb K — MH0202paHHbLU KOHYC, He co0epica-
wutl npamsix. Toeda A € KU (—K) mozda u moavko mozoa, ko20da aunep-
naockocms Hy, ={u €V | (u, L) =0} ne nepecexaemcs ¢ koHycom IntK".

Joka3arenbcTBo. [lycTh L — KOHyC, MIOPOXK/EHHBIM OZHUM BEKTO-
pom A. Torga L CK, a LY ecTb MOMYIIPOCTPAHCTBO, OTPAHUYEHHOE TLIOC-
KocThiO H, U cozep:xaiiee BekTop A. [IpeayioikeHure ciefyeT U3 Mpebl-
aymiel sagadu u Toro ¢akra, uyro ecmm KY C LY, o IntKY CIntLY. O

2.6. Kamepsl Beiiia u pyHzameHTaIbHAA 00/1aCTh
rPyIIbI OTPAKEHUM

Tenepsb MpUMeEHUM 001IIVe CBEEHNA O MHOTOTPAHHBIX KOHYCaX, U3-
JIO)KeHHBIE B MIPeABIAYIEeM IYHKTE, K CUCTEMaM KOPHEM.

®ukcupyeM B ¢ cucTeMy IPOCTBIX U CUCTEMY ITOJIOXKUTENBHBIX KOP-
Helt A CII. [Iycth K — KOHYC, IOPOXKAEHHBIN cucTeMOd A (WIu, 9TO TO
»Ke camoe, cuctemoii IT). O6o3HaunM yepe3 D ABOMCTBEHHBIN KOHYC:

D=K"={reV |, a) > 0 anmwoboro a € A}.

[ToCKOMBbKY MPOCThIE KOPHU COCTABIAIOT 6a3uc mpocTpaHcTsa V, oba
koHyca K u D HeBHIDOXXIEHHEI, T.€. HE COAEPXKATCA HU B KAKOM IIOA-
MPOCTPAHCTBE MEHbIIEH PasMEPHOCTH, U CUMMIULUANLHDL, T.€. YUCIO
ux pebep paBHo dimV.

HecJ10XHO ITOKa3aTh, YTO BCAKAsA opbuTta rpymisl W B IpoCTpaHCTBE
V nepecekaerca ¢ D.

JlemmMma 2.30. /s ecaxoeo sekmopa A € V Haitldemcst makoil anemeHm
weW, umo u=w-AED. Bonee moz0, pasHocmb [, — A\ A87151emcsl IUHEUHOU
KombuHayuelil 8ekmopos U3 A ¢ HeompuyamenbHbIMU Ko3Pduyuenmamu.

Jloka3aTesbCcTBO. BBeZieM Ha V YacTUYHBIN MOPSAAOK CIIEAYIOMINM
obpazom: A MeHbIlle JUOO PaBHO W, €CIU U — A €CTh JIMHEHHAs KOM-
OGUHAIMA BEKTOPOB U3 A ¢ HeoTpULaTeIbHbIMU Koadduninentamu. (He
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CJIefiyeT MyTaTh 3TOT YaCTUYHBIHM TOPSZIOK C BBEAEHHBIM paHee JIMHEH-
HBIM HOPSAZKOM, KOTOPBIN HaM Gosiee He TOTpebyeTcs.)

Paccmotpum opbuty W - A BekTopa A. IlycTh U — MakCHMaIbHBIH
OTHOCHTENIBHO JAHHOTO TIOPsiZIKA 3NIEMEHT B 3TOH opbuTe (BooGLIE ro-
BOpA, U MOXKET OBITh He eJUHCTBEHHBIM). [[pMEHUM K HEMY [IPOCTOE
OTpPaKEHUE S, :

Sqh = M—ZEZ: Z;a.
BekTop s, TakKe MpUHAIEXUT opbure W-A. IIOCKONBKY 37EMEHT [

Eij z; >0, a 3HauwT, (W, o) = 0. 3TO BEI-
TIOJTHEHO /1A JTI0G0TO MPOCTOTrO KOPHA AEA, cieAoBaTensHo, €D, O

PaccMOTpHM MHOX€ECTBO OTKPBITBIX KOHYCOB W - Int D, oIy4aromux-
ca u3 IntD caBuromM Ha meMeHT w € W. DTU KOHYCBI Ha3bIBAlOTCA Kame-
pamu Beiins.

IMpumep 2.31. Ilycte W = Sym D5 — rpynna cuMMeTpuii Tpeyrosb-
Huka (3To rpymmna tuna A,). Ha pucyHke nzobpaxeHa cucteMa KOpHeH
JUI 3TOU T'PYIIIEL, OTMEYEHHI IBA IPOCTHIX KOPHS U IOKa3aHbl $yHzAa-
MeHTaJbHBIM KOHyc D U KaMmephsl Beina (X 4ucio paBHAeTca 6 —Io-
pAnKy rpynmnet W).

Kak MBI BUZMM Ha 3TOM pHUCyHKe, Kamephl Bellsia He IlepecekaroTcs,
a ux obbesVHEHUEe ecTb ZOMOTHEHMe 0 MHOXeCTBa 3epkal. Kak MEbl
ybeaumcs Zianee, U B 06IIeM ciydae CUTyalus aHaJIOTUYHA.

MaKCUMaJI€H, MBI ITOJIy4aeM, 9YTO 2

Puc. 7. dynpameHTanpHas 061acTh IPYIIEI OTPAXKEHUH

Ipepnoxenne 2.32. 1. Jna 106020 kopHa o € ¢ coomeemcmayro-
was emy eunepniockocms H, He nepecexaemcsi HU ¢ kakoil kamepoii Beti-
aa w-IntD.
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2. Ob6seduHerUe 8cex kamep Beilna pasHsaemcs ecemy npocmparcmay V
30 8blUEMOM 2UNEPNIIOCKOCMEll OMPaKceHUTl OMHOCUMeNbHO KopHell us d:

w-IntD =V \ | H,.

acd

3. yems A={B, ..., B,} C ® —Habop KkopHeil, cocmasasiowutl 6a-
3uc npocmparcmea V, u nycms K — koHyc, noposxcoeHHbLil amum Habo-
pom. IIpednonoscum, umo Int K" ne nepecekaemcs HU ¢ Kakoll szunepnioc-
kocmwio H, npu a € . Tozda A=w-A (m.e. A moyce signsiemcs. cucme-
MoTl npocmbulx KopHeil).

JoxkasarenbcTBo. 1. Jlia r060ro KOpHSI o € & BepHO, YTO OO
OH caM, Jin6O0 TPOTUBOIIONOXKHBIN K HEMY JIEXXUT B KOHyce K, MOPOXK-
JeHHoM A. B cwiy npeanoxeHua 2.29 orcrofa ciaefyeT, YTO COOTBET-
CTBYIOI]AsA TUIIEPILUIOCKOCTh H, He mnepecekaerca ¢ IntD. B cumy W-
WHBApUAHTHOCTH cHCTeMbl ¢ 3TO jXe BEpHO U AJA Jr000# Apyroi Ka-
Meps! Befina.

2. Bo3bMeM KakoM-HUOYAb smeMeHT A €V \ (W - IntD). B cuiy jem-
Ml 2.30 HakgeTcsa Takoi aneMeHT w € W, uto w - A € D \ Int D. Torzaa mo
OIpe/ie/IeHuIo KOHyca D MBI nosyqaem, 4to w - A € Hg, rz1e § — HeKoTo-
PBIFi IPOCTOM KOPeHb. 3HAYWT, A € H,,-15, 9TO U TPeGOBAIOCH.

3. llyctb o € ¢. V3 npeanoxenus 2.29 Clefyer, 9To ambo o, 1ubo

—0l JIEXXUT B KOHyce K. DTO 3HAUUT, YTO O BhIpaKaeTcs 4epes P34, ..., B,
¢ koaduIeHTaMH OfHOTO 3HaKa. Ho cormacHo onpezeneHuto 2.8 3T0
Y 3HAYUT, YTO A eCTh CUCTEMA IPOCTHIX KOPHEH. O

3aza4ya 2.33. BelBeguTe U3 MIpeABIAYILIETO IIPEAJIOXEHUA, YTO [BE
HecoBIaarole KaMmepsl Beilsi He mepeceKaroTcsl.

ViMeeT MeCTO CJeAyolllee YTBEPKAEHUE, 3HAUYNTETHHO YCUIHUBAIO-
mee pesyabraT jeMmbl 2.30.

Teopema 2.34. 1. Eciu A, . €D uwh =W, mo A =W, a w ecmb npous-
gedeHue NPOCMbLX OMpaxceHUll, Kaxucdoe U3 KOMOPbLX ocmassiem A Heno-
dsuxcHbiM. B uacmmnocmu, ecau A € Int D, mo cmabuwnuzamop W, mpusu-
aneH. Taxum obpasom, uucio kamep Beiins pagHo nopsadky epynnst W.

2. Kaxncdas opbuma epynnwt W nepecekaemcs ¢ D posHo no o0Hotl
mouke (8 makom cayuae zogopsim, umo D sgnsiemcs fyHoameHmanvHoll
obnacmsio 0na deticmeus epynnst W Ha npocmparncmae V).

JlokasaTenbCTBO 3TOM TEOPEMBI BHIXOAUT 32 PAMKU 3TOM GPOIITIOPHI.
Ero moxxHO HaWiTu, HanpuMep, B kuure [10, 1.12] wm B cTatbe [8].



HNutepmeauA:

I'PYNITBI OTPAXXEHUM U KBaTEPHUOHBI

And how The One of Time, of Space the
Three, might in the Chain of Symbols girdled be.

Sir William Rowan Hamilton'®

B npezpigymux AByX JEKIUAX MBI JOCTATOYHO OCHOBATENIbHO U3ydU-
JIY TeOPUIO I'PYII OTpakeHul. MBI y>ke 3HaeM, YTO TaKOBBIMU ABJIAIOTCSA
JleficTByIoIasa Ha IUIOCKOCTH T'PyIIa AW3/pa, IPYIIbl CUMMeTpUi mpa-
BUJIBHBIX MHOTOI'PAaHHUKOB B TPEXMEPHOM IIPOCTPAHCTBE U TPU CEPUU
rpyan A, B, u D,, AefCTBYIOIINX B n-MEPHOM IIPOCTPaHCTBe IIpHU IIPO-
WU3BOJIbHOM 1.

B mHTepMezny MBI M3yYUM TPU I'PYNIBI OTPXXEHUN B YeThIpexXMep-
HOM IIPOCTPAHCTBe. DT I'PYIIIbI BOSHUKHYT B pe3y/bTaTe OJHOM BecbMa
€CTeCTBEHHO! KOHCTPYKUIMH. [Ipu 3TOM /iBe M3 HUX OYAYT «HOBBIMU»,
T.€. He BCTpeYyaBIIUMUCA B cepusax A,, B, u D,. [ln1a 3Toil KOHCTPyK-
I[Y HaM TOTpebyeTcs pacCMOTPETh YETHIPEXMEPHOE ITPOCTPAHCTBO KaK
NIPOCTPAHCTBO K8AMEPHUOHOS.

2%.1. AnreGpa KBaTEPHHOHOB

PaccMoTpuM deThlpexMepHOe BellleCTBEHHOE BEKTOPHOE IPOCTpaH-
ctBo R* ¢ 6asucom {1, i, j, k}. BBeZieM Ha 3TOM MPOCTPAHCTBE acCOIIH-
aTUBHOE, HO HEKOMMYTAaTUBHOE YMHO)XEHUeE, OIpeJeUB ero Ha 6asuc-
HBIX 3JIEMEHTaX IIPYU TIOMOIIY CJIEAYIOIIEH TabaHIThI:

| 1 i ik
1)1 i j  k
ili -1 k —j
ili -k -1 i
k|k j —-i -1

1 kak OzHO oT Bpemenu u Tpu ot [IpocTpaHcTBa MOTYT OBITH OmMOsiCaHbI Llenbio
CumBosoB. (Cap YunbaM Poyss I'aMWIBTOH).
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Mel yTBepXKZaeM, 4TO OIpeZesieHHOe TaKUM OOpa3oM YMHOXEHUE
3aaeT Ha R* cTpyKTypy acconuaTuBHOM anre6phl ¢ eAMHUIIEH, KOTOPYIO
MbI 6yzeM o6o3HauaTh yepe3 H. OHa Ha3bIBaeTCs aneedpoil keamepHUOo-
HO8, a ee AMEMEHTH — K8AMepHUOHAMU. DJIEMEHTHI 1, i, j, k Ha3bIBaIOT-
cs1 6a3UCHbIMU K8AMEPHUOHAMU. ACCOIIMATUBHOCTh anre6psl H MOXHO
IIPOBEPUTD HETIOCPEACTBEHHO, HO MBI IIOCTYIIMM MHAYe: Peau3yeM ee B
KauecTBe mofanrebpsl B anrebpe marpui; Mat(2, C).

PaccMmoTpuM ciexytoniee otobpaskenue H — Mat(2, C):

N CE T CE AT 0o . (i
“lo1) "Tl1 o) T\ -io) o —i)

Jlerko BUzEThH (IPOBEpPHTE 3TO!), YTO 3TO AEHCTBUTETHHO TOMOMOP(U3M
anre6p Haz R. IIpu HeM KBaTepHUOH a + bi + ¢j + dk cooTBeTCTByeT
a+di —-b-— ci)

MaTpule . .
P (b —ci  a-—di
TaKye MaTpPHIbl, KpOMe Hy/leBOM, HEBbIPOXK/EHBI:

Z w
= ( _ _), rze z, w € C. Kpome Toro, Bce
—w p4

det( i ‘g) =z2z4+ww = z]P+ W= +b*+32+d2 Q)

Ynpaxuenue 2V2.1. [IpoBepbTe, YTO MPU YCIOBUU aCCOIMATUBHO-
CTH yMHOXeHUe B anrebpe H 3azaeTcs onpeAensolMi COOTHOIIEHH-
amu i2=j? =k?=ijk=—1.

Omnpeaenenue 2V2.2. Modynem KBaTepHHOHA Z Ha3bIBAaeTCs Belle-
CTBEHHOe HeoTpuIaTenbHoe ducio |z| = (a4 b? + ¢ + d*)/2. Ksatep-
HUOH Z =a — bi — ¢j — dk Ha3bIBaeTCsA cONPsieHHbIM K 2.

KBazpar mMozyma ABISeTCSA IOJMOXKUTENBHO ONpeZiesleHHON KBaJpa-
TUIHOHN ¢opMmoii Ha H. Tem cambM Ha H onpeziesieHa CTPYKTypa eBKIIU-
ZI0Ba TIPOCTPAHCTBA.

Kak ¥ 19 KOMIUIEKCHBIX 4Hcel, 22 = |z|2.

Ogpnaxko, B omnune oT C, conpstkeHue B H ABIseTCA HE aBTOMOP-
bu3MOM, a aHMUABMOMOPPHUMOM: ZW =W - Z.

Yopaxuenmne 2V2.3. TIpoBepbTe 3TO.

Kpome Toro, |gw|=|z||lw|. DTo cieayer, Hanpumep, U3 paBeHCTBa
(1) ¥ MyIBTUTITUKATUBHOCTH OIpeeIuTeNIsA, WK U3 paBeHCTBa |zw|? =
=zwzw =zwwz = |z|*|w|%.

TToHATHE MOZY/IS MO3BOIAET HANUTH A7 KAXKAOTO HEHYJIEBOTO KBa-
TepHMOHA z O6PATHHIN: TaKOi KBaTEPHUOH 2 1, uTo 22~ ' =2 1z=1. OHn
HaxoAuTcs o dpopmysie z~ ' =z/|z|?. TloaTomy H sBsAeTCa anzebpoil ¢
OesieHuem, Wiv mesiom (T. €. «<HEKOMMYTaTUBHBIM TIOJIEM»).
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2%2.2. KBaTepHUOHBI €JUHUYHOTO MOYJIS
U 4YUCTO MHUMBbIE KBaTepPHUOHBI

MHOXeCTBO KBAaTepHUOHOB €IMHUYHOTO MOZYJSA 06pasyeT IpyIIIy
0 YMHOXKEHHUI0, KOTOPYIO MBI 0603HauuM depe3 Sp(1). [eomeTpuiecku
Sp(1) sBAgeTCa TpexMepHOii cdepoit S3, Tak Kak OHO 3ajaeTcs ypaBHe-
auem a’ +b? +c2 +d?=1.

OtmeTumM, yTo ey 2 € Sp(1), To 27" =3.

Ipepnoxenue 2V2.4. [Ipu onucaHHom eblule 2omomopdusme H —
— Mat(2, C) kgamepHuonam u3 Sp(1l) coomgemcmayiom 8 mouHocmu
cneyuanbHble yHUMapHsle mampuust 2 X 2 (m. e. yHUMAapHbsle Mampuybl
c onpedenumenem 1).

Joxka3zaTtenbcTBo. [Ipu romomopousme H — Mat(2, C) uHBOMIOLINA
2+ 2z Ha H mepexoAnT B UHBOMIOLNI0 A — A* (KOMITO3UIMIO TPAHCIIO-
HUPOBaHUA U conpsxeHus). [Tostromy Sp(1) nmepexoAUT BO MHOXKeCTBO
MAaTpHUI] C eAUHUYHBIM OIpeZeUTENEeM, YOBIEeTBOPAIOIIUX PABEHCTBY
A*=A"! 4T0 U TPe60BaNOCh.

1

(|
PaCCMOTpI/IM TEIEPb MHOXECTBO YUUCMO MHUMbBLX K8AMEPHUOHOB

V=A{bi+¢g+dk}={z€H|z+2z=0}.

OHo ABJIAeTCA TPEXMEPHBIM €BKJINAOBLIM IIPOCTPAHCTBOM. KpoMe TorO,
Ha TPEXMEPHOM €BKJIN/JIOBOM IIPOCTPAHCTBE €CTb aHTUCUMMETPUYHASL
oIepanus BeKTOPHOro npoussefenus [v, wl.

ITpocTpaHcTBO V HE 3aMKHYTO OTHOCHUTEJBHO YMHOXEHMA: MIPOMU3-
Be/IeHHE /IByX YMCTO MHHMMBIX KBATEDHHOHOB He 0053aHO OBbITH YKCTO
MHUMBIM. HO OKasblBaeTcs, YTO KBATEPHUOHHOE YMHOXEHHE «3HAeT»
U IIPO CKaJIAPHOE, U IIPO BEKTOPHOE IIPOU3BeZieHHE Ha V. A MMEHHO,
CIIpaBeJIMBO CIeyIolee paBEHCTBO, KOTOPOE MbI OCTAB/IAEM YUTATENIO
B KaueCTBe yNPaKHEHMUS.

Ynpaxkaenue 2V2.5. Eciu v, w €V, To ux npoussezieHue B H paBH:-
erca

vew = —, w)+[v, w],

rZe IepBoe cjaraemMoe — 3TO BellleCTBeHHOe YUCJI0, a BTOpOoe — BEKTOop,
T. €. 2JIeMeHT u3 V.

B wacTtHOCTH, ecii v €V, To [v, v] =0, a 3Hauwur, v2 = —|v|2. [Tony-
4aeTcs, YTO KBaZpaT BCAKOIO YMCTO MHMMOTIO KBaT€pHHOHA €CTb OT-
puUIaTeIbHOE YUCI0. B 9acTHOCTH, BCAKUN YMCTO MHUMBIN KBAaTEPHUOH
€JMHUYHOT'O MOJYJIA ABJAETCA KBaJApaTHBIM KOpHEM U3 —1.
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2%2.3. MeiictBue Sp(1) ma V

Harmma 1ies1p — conocTaBUTh KaXkJOMY KBaTepHUOHY 2 € Sp(1) Bpatie-
HMe eBKJINJ0Ba TPEXMEpHOro NpocTpancTBa R, : V—-V.

Bo-nepBBIX, 3aMeTHM, YTO i1 GUKCUPOBAHHOTO KBAaTEpHUOHA Z €
€Sp(1) orobpaxenus H — H, 3azaHHble pOpMyTaMu q — 2q U q— gz,
CYTb OPTOTOHAJIbHBIE TPe0OPa30BaHMUs, TaK KAK OHHU COXPAHIIOT MOAYJIb
BexTOopa. OfHAKO HU OZHO M3 HUX He oIlpeJendeT JelicTBUe Ha IOAIIPO-
ctpanctse V. s Toro, uTo6B! V mepexoanio 6b1 B cebs1, Ha HEM MOXXHO
JeHCTBOBATh KOMNO3UyUell STUX IPeoOpa3oBaHU, T. €. CONMPIKEHUAMH.

Jlemma 2V2.6. ITycms 2z € Sp(1). Omobpaxcerue q — zqz~ ' nepeso-
oum 4ucmo MHUMble KEAMEPHUOHBL 8 UUCIMO MHUMBbLE.

JoxkaszaTtenbceTBo. IlycTh q € V. DTo 3HauuT, uTo q + q = 0. [loKa-
JKeM, 4TO zqz’1 + (zqul) =0. JleficTBUTENIBHO,

zqz ! —|—(zq71) =zqz ! +Fq_z =2qz ' +2qz ' =z2(q+qz 't =0.

O

TTocKO/bKY JIeBoe ¥ TIpaBoe yMHOXeHHe 3aatoT Ha R* opToronab-
Hble IIpeo6pa3oBaHys (OTHOCUTENBHO CTAaHJAPTHOTO CKAJIIPHOTO MPO-
U3BeJIeHNs), TIO/lydaeM, 9To oTobpaxeHue R,: g — zqz~! ecTb opToro-
Ha/lbHOe Tpeo6pasoBaHue IpocTpaHcTBa R =V,

Jlemma 2V2.7. Omobpaxcerue z — R, 3adaem eomomopdusm zpynn
Sp(1) — 0(3).

Joxka3zaTtenbcTBo. MEI JoKazany, 4yTo npeobpazoBanue R, oproro-
HasbHO. Heo6X0AMMO JIUII TPOBEPUTH, YTO 3TO OTOOpaKEHUE — I'OMO-
mopdusm. IIpoBepumM, uto R, R, =R, . DTO HECIOXKHO:

R,(R,(q)) = RZ(WqW_l) = zwqw_lz_1 = zwq(zw)_1 =R, (¢). O

Jlamee MBI TOKaXkeM, 4To 06pas 3Toro romoMopdr3Ma ecTb B TOU-
HOCTHU T'PYIII CneyuanibHblx opToroHambHbIXx Matpur SO(3). ITo Teope-
Me Diiiepa, Kaxioe CreliaibHOe OPTOroHaIbHOoe npeobpasosanue R>
€CTh BpallleHue. BpalleHre 3a/aeTcs AByMs TlapaMeTpaMu: HalpabJie-
HUEeM OCHU U YIJIOM BpalleHusA. MBI YBUANM, KaK Y3HATh 3TU HapaMeTpPhI
ZJis Ipeobpa3oBanus R, 3Hast KBaTepHUOH 2z € Sp(1).

[lycts z=a+bi+¢ +dk=a+v'€Sp(1), rae a u v/ — BemecTBeH-
Hasd M MHMMas YaCTH KBaTepHHOHa z. Toraa |z|?> =a? + [v/|? = 1. [ToaTo-
My CYIECTBYeT Takoi yroa ¢ € [0, ], uro a =cos, |v| =sin . Torga

Z=Ccosyp+siny-v,

rae v=v’/sin — BeKkTOp ANMUHHI 1.
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Ipeanoxenue 2V2.8. [Tycms z = cosy +siny - v € Sp(1). IIpeobpa-
30eanue R,: V=V, q— 2qz~! ecmb nogopom ommocumensHo ocu, Ha-
MAHYMOIL HA 8eKMOP V, HA Y20l 2.

JoxaszaTennscTBo. CnepBa JAOKaXXeM, YTO R, ocTaBisgeT BEKTOD V
Ha MecTe. DTO IIpoBepseTcs NPAMBIM BeluMciaeHueM. Eciau z =cosy +
+sing v, T0 27 =cos —sin -v. Toraa

zvz~! = (cosp +siny - v)v(cosyp —siny -v) =
= (cosyp-v—siny- (v, v))(cosyp —sinyp-v) =

=cos’p-v+sin@ v =v.

(MBI ITOJIB30BAIMCH TEM, UTO, COTJIACHO yIpaxkHeHU:o 2V2.5, (v,v)=1u
[v, v]=0).

3HauUT, vV OCTaeTCs Ha MecTe IIOZ leliCTBHEeM R,.

Janee, mpoBepuM, 4TOo R, 3ajaeT IOBOPOT Ha yroia 2y B IUIOCKO-
CTH, OPTOTOHAJIBHOM BEKTOPY V. BbibepeM B 3TOM ILUIOCKOCTH OPTOTO-
Ha/IbHBIN 6a3uC: MyCTh W — IMPOU3BOIbHBINA €IMHUYHBINA BEKTOD, OPTO-
TOHAJBHBIN V, a u = [v, w]. [IpuMeHUM R, Kk w.

Yopaxuenue 2V2.9. IlpoBepsTe, uTo R, (W) =c0s2¢ -w +sin 2y - u.

Takum 06pa3om, B IWIOCKOCTH (W, u) mpeobpasoBaHue R, feiicTByeT
TIOBOPOTaMU Ha yrosa 2¢. JTO 3aBeplIaeT J0Ka3aTelbCTBO IpeJJoxKe-
HUS. [l

3HauuT, R, OTBeyaeT BpallleHUIO, M BCAKOE BpallleHHe MOXXHO IIOJTy-
YUTb TAKUM 06pa3zoM. Mbl MOMYYWIH CIEAYIOIee MPeAIoKEHNE:

Ipepnoxenue 2V2.10. Hmeemcs cropsekmugHblil 2omomopdusm
epynn Sp(1) — SO(3).

BBISICHUM, YeMy paBHO sipO 3TOro romoMopdusma. KBaTepHHOH
2 =C0Sp +sin ¢ - v 0oTBeYaeT TOXKJAECTBEHHOMY peobpa3oBaHUIO, KOTZA
yron 2¢ paBeH 2mn, T.e. @ € {0, m}. 3Hauur, siny =0, a cosp = *1.
Takum ob6pasom, z==+1.

[ToaToMy TpeAbIAyIee IPeATOKeHNEe MOXKHO YTOUHUTD:

Teopema 2V2.11. Mmeemcsa usomopdusm epynn Sp(1)/{£1}—S0O(3).

C TOTIONIOTMYECKON TOYKU 3PEHUST 3TOT U30MOPPU3M OTBEYAET JBY-
JIMCTHOMY HakphITuIO S° — RIP® TpexMepHO# MPOEKTHBHOM IIOCKOCTH
TpexMepHoH cdepoii.

3ameuanue. Kak MbI y)Ke TOBOPHJIH, /IJIS1 TFOOBIX ZIBYX KBATEPHUOHOB
%1, 29 € H oTOGpakeHUe Ry 2,0 Q= %193, ! apnseTca opToroHanbHBIM
npeobpazoBanreM H Kak 4eThIpEXMEPHOT'O E€BKJIM0BA MPOCTPAHCTRBA.
Tem cambiM Bo3HHKaeT romomopéusm Sp(1) x Sp(1) — O(4). MoxHo



2Y2.4. Koneunsre noarpynnsl B H cyTb cucTeMbl KOpHel 31

JI0OKa3aTh, YTO 06pa3 3TOro oTobpakeHus — B TOUHOCTH rpymma SO(4), a
SIPO COCTOUT U3 AIBYX 2JIEMEHTOB, (1, 1) u (—1, —1). IToagpobHOCTH 3TOM
KOHCTPYKIIMM YUTATETh MOXKET MOMpOo60BaTh BOCCTAHOBUTH caM (MpHu
3TOM MOXKET IIPUTOAUTHCS TPHUBEAEHHOE HIDKE yIIpakHeHue 2V2.13) win
Haiitu B 6porutope [1] wiu kuure [6].

2%.4. KoHeunble moArpymmsl B H cyTh CHCTEMBI KOPHE#

Hac 6yzyT nHTepecoBaTh KOHEYHbIe OATPyIIH B H. fIcHO, YTO eciu
G —Takas noarpymnna, To G C Sp(1). OxasbiBaeTcs, UMeeT MECTO CIe/y-
10lllee HeOXXUaHHOe yTBepXKeHUe.

Jlemma 2V2.12. [Tyems G C Sp(1) — koHeuHass nodepynna uemHoezo
nopsoka. Toeda G siesemcs cucmemotl KopHetl.

Jloka3aTenbcTBO. CHavana ybe umcst, YTo eCii KOHEUHas MOATPYIIa
G C H uMeeT YeTHBIH TOPAJOK, TO —1 € G. JIETKO BUAETD, YTO B airebpe
KBaTepHHOHOB ypaBHeHMe z2 =1 MMeeT POBHO /iBa pellleHus: z =1 u
z=—1. Tenepp pacCMOTPUM Hallly KOHEUHYIO Ipynny G ¥ pacCMOTPUM
oToOpakeHHe, CONOCTABJISAIONIEE KAXKIOMY EMEHTY OOPATHBINM K HEMY.
TeM caMBIM Bce /IEMEHTEL, He paBHbIE B KBaJpaTe caMu cebe, OKaXKyTCs
pa3buTel Ha mapel. CTano OBITh, KOJTMYECTBO MEMEHTOB g € G, I KOTO-
pBIX g =g~ ! (Wm, 4TO TO Ke camoe, g2 = 1), yeTHO. Bcero KBaTepHHUO-
HOB C 3TUM CBONCTBOM TOJIBKO /IBa, IPUYeM OZAUH U3 HUX BCerza JIexXuT
B rpymme G: 3TO efUHULIA. 3HAYUT, U —1 IpUuHaZJIexuT G.

[lycts o € G. HeTpyzaHo ybeautbes, yto otobpakeHue M, : A — ol
ecTb ABmxeHue H, mepesogdailee 1 B a ¥ coxpaHdAmwllee G. Taxxe rpy-
ny G coxpaHsfeT cuMMeTpus s;(A) = —A (3amMeTuM, 4T0 A = A~ ' a71a
A €Sp(1)). IoaTomy Az m060r0 O OTpaKEHUE S, = MmslM(;1 coxpa-
HAeT rpyumny G.

Wtak, akcroma (R2) TaxyKe BBITTOTHEHA. O

Yupaxkaenue 2V2.13. Y6eaurech, uto Ajs aoboro a € Sp(1) umeet
MecTo popmyma s, (A) = —ala.

2%2.5. BuHapHbIe IPYIIbI ILIATOHOBBIX TEJI

[lepetizeM K o6elaHHON KOHCTPYKIUU TPYII OTPKEHUIN B YETHI-
PEeXMEepHOM IIPOCTPAHCTBE.

Jlna Hadana paceMorpuM rpymmy Sym* (T) BpaleHui MpaBUIbHOTO
tetpasgpa B R®. Kak Mbl 3HaeM, oHa MMeeT opAZok 12; oHa usomMopdHa
A, — I'pyIIIle YETHHIX NIePECTAHOBOK MHOXXECTBA BEPIIUH TeTpaspa.
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I'pynma Sym™ (T) aBnserca moarpynmoii B SO(3). BosbMmeM ee 1or-
HBIM TIpoo6pa3 ¥ = n*I(Sym+(T)) C Sp(1) C H. OH Takxke aBiIAeTCA
IPYIION; ee TIOPAZOK BABOe Gonblue mopsAaka rpymmsl Sym™ (T), T.e.
paBeH 24. Dra rpymnmna HasblBaeTcs 6UHAPHOIL epynnoil mempasopa.

Yonpaxuenmue 2V2.14. Tlokaxure, 4TO

T {11, +i, +j, k, %(:I:l:l:i:l:j:l:k)},

IZle 3HaKU PacCTaBJIAIOTCS BCEBO3MOXKHBIMU criocobamu (24 KBaTepHU-
OHa M3 IMPaBOU YacTHU paBEeHCTBA Ha3bIBAIOTCA eduHuyamu I[ypsuua).

Yopaxuenue 2V2.15. CornacHo seMMe 22.12 MHOXeCTBO ¥ eCThb CU-
creMa kopHeH. [TokakuTe, 9TO 3TO cucTeMa KOpHed tumna D,.

Ty >xe camMmyro KOHCTPYKIIMIO MOXXHO OCYIIeCTBUTD U AJIA IBYX JPYTUX
TPYIIIl CUMMETPUII TUIATOHOBBIX TeJl — Kyba 1 UKocaszpa.

Bo3bMeM 6uHapHyto epynny Kyba € — MONTHBIN Poo6pa3 Pyl Bpa-
meHnit Kyba Sy‘mJr (C) € SO(3). OHna cocTouT u3 48 KBaTepHUOHOB, 24
U3 KOTOPBIX CYyTh eAvHULEL ['ypBULia, T. €. ¥ C €. OcTaBlinecs 24 aneMeH-
Ta (0603HAYUM MX MHOXKECTBO Yepe3 §') UMEIOT BU/

% (kztw),
rae z, w €{1, i, j, k} — paznmuuHbie 6a3MCHbIE IEMEHTHI (BCETO UMEET-
¢ 6 BapUaHTOB BbI6GOPA TAKOM Mapkl).

CoracHo TOH e ieMMe 2V2.12 5Tu 48 31eMeHTOB 06pa3yioT CUCTEMY
KOpHeH. PaccMOTpUM COOTBETCTBYIOIIYIO IPyIIly oTpakeHU W, . Hama
6srpKaiias 3aa4a COCTOUT B BRIUKMCIEHHUH TTOPSAKA STOU TPYIIIEL.

Yupaxuenue 2V2.16. a) Iokaxure, 9T0 5,(%) =%, 5,(T) =T ana
IIPOU3BOJIBHOIO a € €. VIHaye roBops, OTpaxkeHus s, (a cieZioBaTesnbHO,
Best rpymma W) «He TIepeMENIUBaroT» 3JIeMeHTh U3 T u T,

6) [MokaxuTe, 4TO € COCTOUT U3 JBYX OpOUT rpymnsl W, 1mo 24 aie-
MeHTa B KaXkJoi: T u T,

B) PaccmoTpum anemeHT 1 € €. [ToKaKuUTe, YTO €ro CTabuUIr3aTop
B W, NOpOXZEH OTPpaXXEHUAMHU OTHOCUTENIBHO YNCTO MHUMBIX KBaTep-
HUOHOB U3 €.

r) [TokaxuTe, YTO YMCTO MHUMEBIE KBATEPHUOHHI U3 ¢ 006pa3yloT CH-
cTeMy KOopHell Tuma Bg, a COOTBETCTBYIOLIas el rpyIa oTpaXeHUi ecTh
B TOYHOCTH CTaOMIN3aTOP €AVHUIIB U3 IIPEJBIAYIIEro MyHKTa.

MBI 3HaeM, YTO HOPSA/IOK IPYTIbl OTpaXkeHuii Thna B, paBen 2° - 3! =
=48. Orcropa ciezyet, uto |Wy|=24-48 =1152. MBI IOCTOWIN HOBYIO
cucTeMy KOpHel paHra 4. OTa cucTeMa KopHeli HasblBaeTcs Fy: MBI yBU-
UM ee Ha cileZyroleil IeKIuu.
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Haxkownerr, pazbepeMcs ¢ 6uHapHotil epynnoil ukocasdpa. dta 120-ame-
MEeHTHas1 TPYIIa eCTh MOJMHBIN TPoo6pas rPyIIsl BpallleHui UKocaspa
Sym™* (D).

O603HaUNM Yepe3  30710Mmoe ceueHue:

_ 1445
=

-1
Ynpaxxnenue 2V2.17. Yoenurech, 9TO COS L= g, a cos n_2® _

5 5 2
_—1++5
=—1".

Yka3aHue. PaCCMOTpI/ITe «30JI0TOH TpeyTOJILHI/IK»—paBH06eﬂ;peH-

HBII TPEYTOJILHUK C YIJIOM TU/5 mpu BepIiuuHe.
Tenepp BO3bMEM KBaTE€PHUOH %(kp +i+ ¢ 1j) u paccmorpuM MHO-

eCTBO J' KBATEPHHUOHOB, KOTOPHIE MOIY9alOTCA U3 HETO YeNMHbIMU TIe-
pecTaHOBKaMU KOOPAWHAT U BCEBO3MOXXHBIMU CMEHaMU 3HAKOB IIPU KO-
opAVHAaTax. 3aMeTHM, YTO BCe 3TH KBAaTePHUOHBI UMEIOT e€JVHUYHBIN
Mozynb. Yucio snemenToB B 3’ pasHo 23 - |2A,| = 8- 12=96. Teneps n06a-
BUM K J' MHO)XECTBO eIMHUI] I'ypBunia ¥, KOTOpOe HaM y>Ke BCTPeYaaoCh
BBIIIIe, ¥ 0003HAUYMUM TOIyUeHHOoe 120-3/1eMeHTHOEe MHOKECTBO uepe3 J:

J=7U%.

3ajgaua 2V2.18. a) [okakure, 4To J obpasyeT moarpymmy B Sp(1)
(a cnemoBarenbHO, o temMe 2Y2.12, u cucteMy KopHeii!). OTa cucrema
KOpHel HasbIBaeTcsa Hy.

6) JTokaxxkuTe, uTo npu oTobpaskeHuu SU(2) — SO(3) rpymma J me-
PEXOAUT B T'PYIINY BpallleHui nkocasapa. TeM caMbIM OyZeT A0Ka3aHo,
yTo J ecTh OMHApHAas TPyIa uKocasapa.

B) [IycTs W, — rpy1ma oTpakeHui, COOTBETCTBYIOIIAsA CCTeMe KOP-
Hell J. JlokakuTe, 4TO OHA JleliCTBYyeT Ha J TPaH3UTUBHO.

r) JIOK&KUTe, YTO CTaOWIN3aTOp TeMeHTa 1 € J OpoXKAeH OTpaske-
HUSIMU OTHOCUTENBbHO 30 YMCTO MHUMBIX KBaTEPHUOHOB U3 J 1 U30MOP-
deH rpymnmne cuMMeTpuii ukocaszipa SymlI (ciezoBaTeNbHO, OH UMEET
nopazok 120). BelBeguTe oTCrOZa, YTO NOPAAOK rpynnsl W, pases 14400.

3agauga 2V2.19. BeimmumuTte Kakue-HUOYAb CUCTEMBI IIPOCTHIX KOP-
Hel i cucTeM KopHelt € u J.

OTBeT Ha 3Ty 3a7a4y OyZeT /laH B KOHIIE CIeAYIONIel JTEKITHUHU.



Jlekua 3

BosbMeM 3TO camoe CJIOBO «A-TISAThb».
3ayeM MBI €ro IPOU3HOCUM,

Korza MbI MOr/In GBI CITOKOMHO CKa3aTh:
«E-mecth», n «E-ceMb», 1 «E-BoceMb»?

Ioumu umo u3 Bunnu-Ilyxa

3.1. I'pads! Kokcrepa: onpeseneHue

Kak MbI Buienu B JIeKIIUu 2, rpylna oTpakeHuit W nopoxzaerca

OTPaXEHUAMH Sq, ..., S, OTHOCUTEIHHO IIPOCTHIX KOPHEH O, ..., .. ITU
OTpa’KEHUS YAOBJIETBOPSIOT CJIEAYIONINM COOTHOIIIEHUAM:
2 __ . n;
st =1d; (s;5;)" = Id, @))

rae 9ucio Tlij OIIpezenaeTCA YIJIOM MEXY BEKTOpaMU Q; 1 (1]-3

Z(ai, (X,]) = MM — T[/nl‘j.

OKa3bIBaeTCsI, YTO BCE COOTHOUIEHU B TPYIINIe OTPAKEHUHN ABIAIOTCS
CJIEAICTBUAMMY 3THX. DTO YTBEPXKAAET CIeAYIOIIas TeOpeMa, KOTOPYIO MBI
JOKa3bIBaTh He OyZeM; 3aHTEepPECOBAHHBIN YMTATENb MOXKET HAalTU ee
JoKasaTejabcTBO B kHure [10] miu B craTthe [8].

Teopema 3.1. Ipynna W ecmb pakmopepynna ceo600HolL 2pynnwL, no-
DPOXCOEHHOU dleMeHMmamu Sy, ..., S,, N0 HAUMeHbWel HOPMANbHOU Nnoo-
epynne, codepucaueil negvle uacmu coomuowerut (1).

Kak mbl Buzenn paHee (cM. ympaxHeHue 2.19), Bca uHdopManysa
0 CHCTeMe KOpHeH U COOTBETCTByIoIel rpymme W 3azaercs Habopom
9HUCes Ny, T. €. YIIAMHU MEXY TIPOCTBIMU KOPHAMU. DTU AAHHBIE MOXKHO
HaIIIAHO TPEACTAaBUTh CIEAYIONUM 06pa3oMm.

Onpeaenenne 3.2. [Iycte W —rpynma otpakeHuii, & O A — cooT-
BETCTBYIOIIME CHCTEMa KOPHEU U CHCTeMa TPOCTHIX KOpHel. Ipagom
Koxcmepa, TIOCTpOEHHBIM IO Tpymie oTpaxkeHuit W (w1m, 4To TO Ke
camoe, TI0 cucTeMe KOpHeli ®), Ha3bpIBaeTCsl HEOPUEHTUPOBAHHEIN rpad
c |A| BepmuHamu (6e3 KpaTHBIX pebep U IeTenb), pebpa KOTOPOro
cHab)XeHBI I[eJIOYNCIEHHBIMU OTMETKaMU, He MEHBIINMH TPEX, OIpe-
JIeJIEHHBIMN 0 CIEAYIOIEMY TIPaBUILY:
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* i- ¥ j-A BEPUINHBI HEe COeJMHEHBI pe6poM, ectu n; =2 (T. €. TIpo-
CTble KOPHH C,; U O; OPTOTOHAJIbHBI, WU, 9TO TO K€ CaMOE€, TPOCThIe
OTP&KEHWA S; U S; KOMMYTHDYIOT);

* B IPOTUBHOM CJIy4ae i-s1 ¥ j-s BepPIINHbI COeIUHEHbI pebpoM, cHab-
’KEHHBIM OTMETKOH n;;.

YcroBuMCes, 4TO BMECTO pebpa ¢ OTMeTKOH 3 MbI OyzZeM pUCcOBaTh
mpocToe pe6po 6e3 YNCI0BOI OTMETKU. DTO COIVIAlIeHHE CBA3aHO C TEM,
YTO GONBITUHCTBO pebep B rpade KokcTepa cHabKeHbI OTMETKOH 3; OHO
MO3BOJIIET YIIPOCTUTH 0O03HAYEHUA.

3ameuanue. lHorga BMecTO pebep ¢ YHMCIOBBIMM OTMETKAMU HC-
MOJIB3YIOTCA KpaTHbIE pebpa. B TakoM ciiydae BEPUIMHBI { U j COEJUHA-
10TCA pe6POM KPaTHOCTH 7;; — 2 (MTO COTIacyeTcs ¢ HallMMKU 0603Have-
HUAMU [IPY N; =2 U 3).

ITocKOJIBKY BCE CHCTEMBI IIPOCTHIX KOPHEH B JaHHO CUCTEME KOPHEH
® comnpsokeHsl, rpad Kokcrepa cucteMbl KOpHel  3aBUCHUT TONBKO OT
CaMoOl CHCTEMBI KODHEW M He 3aBHCHUT OT BBHIOOpA CHUCTEMBI IIPOCTHIX
U TOJIOXKUTEIbHBIX KOpHel B P.

Ynpakaenue 3.3. Hapucyiite rpads! Kokcrepa s cucTteM KOpHeH
tuna A, B u D v 1 TPyII CUMMETPUH AU3pa U TPeXMEPHBIX TPaBUJIb-
HBbIX MHOT'OI'DAHHUKOB.

Jlasexo He BCAKWI rpad ¢ YMCIOBBIMH OTMETKaMU Ha pebpax fB-
nsercs rpadpom Kokcrepa KakoH-TMOO TPyHIBl OTpakeHui. C Apyroit
CTOPOHBI, ICHO, YTO €CJIU IO rpady MOKET OBITh BOCCTAaHOBJIEHA TPYIIIa
OTpaXeHMU, TO OHA BOCCTAHABIMBAETCS €AMHCTBEHHBIM 00Pa30M.

OueBUJHO, YTO AJIS TOTO, YTOOBI rpad ¢ n BEPUIMHAMY U OTMETKAMH
n; 6eu1 661 rpadom KokcTepa, HEOOXOAMMO, YTOORI CyIIECTBOBAlA CH-
CTeMa U3 N1 BEKTOPOB a4, ..., ,, B R", IOMapHbIe YIJIBI MEXAY KOTOPBIMU
PaBHSAIUCH OB

Z(oy, o)) = m—m/ny.
OCHOBHAs LIeJIb STOM JIEKIMK — [TOJIyYUTh CITUCOK BeeX rpadoB Koke-

Tepa. DTO ZIaCT HaM IMOJHYIO KiIacCHuPUKAIUI0 KOHEYHBIX TPYII OTpaKe-
HUU.

3.2. Kiaccudukanys KOHEYHBIX I'PYIIl OTPaKeHU:
dopmynupoBka pesyiabrara

OTBeT Ha WHTEPECYIOUINIA HaC BOIPOC GOPMYIUPYETCS CIIEAYIOIUM
obpasom.
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Teopema 3.4 (Teopema 0 K1accubUKaIUYM KOHEYHOH I'PYIIIEI OTOG-
paxeHuit). I'pag sensemcsa epagpom Kokcmepa Hekomopoil cucmembl KOp-
Hell mo20a U MoJibko mo20d, K020a Kaxcodsi U3 e20 KOMNOHEHM C8A3HOCU
npuHadnexcum caedyrowemy cnucky:

*e—o0 — ... —0e—o An

o —o— ... —o D,
AN
°
o — 9o 90— o E6
|
°
e— 00— 90— 0—0—o E,
|
°
e — o — 90— 90— —0— 0o ES
|
°
0—oi0—o F4
e 0> o H,
0—o—oio H4
PRILLINPS Iz(m)

Kak yxxe m3BecTHO ymTaTeNio, peluBileMy yIpaxkHeHue 3.3, omnpe-
Jle/leHHBle B JIEKI[UU 1 TPYIIILI TUIIOB A, B, U D, IeficTBUTEIBHO COOT-
BETCTBYIOT OZHOMMeEHHBIM rpadam Kokcrepa u3 3T0ii Tabnuupl, a rpym-
Ila caMOCOBMellleHUH m-yrolbHUKA Ha IUIOCKOCTU COOTBETCTBYET I'pa-

dy I,(m).

3.3. Jloka3aTenbCTBO TeOpeMbl O Kiaccudukanuu:
HUHCTpPyMeHTapuil

HeTpyzaHO BUZETD, YTO MOXXHO OTPAaHUYUTHCS PACCMOTPEHHUEM CBA3-
HbIx rpadoB KokcTepa: eciu rpad HecBA3€H, TO COOTBETCTBYIOLAA I'PYTI-
Ia OTpakeHWH (ecyu OHa CYIECTBYeT) paclialaeTcs B IPSMOE IIPOU3-
BeZleHre HeCKOJMbKUX IIOATPYII OTPXKEHUM, KaXKas U3 KOTOPBIX COOT-
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BETCTBYET CBA3HOU KoMITOHeHTe rpada Kokcrepa (COOTBETCTBEHHO, CH-
cTeMa KOpHel pachafaeTcs B HECKOJIBKO OPTOIOHAJIbHBIX IIOJCUCTEM).
[To3TOMy ZOCTAaTOYHO OIMCATh Bce CBs3HbIe rpadsl Kokcrepa. I'pymiibl
OTpaXeHUH U X CUCTeMBI KODHEH, COOTBETCTBYIOIINE CBA3HEIM rpadam
Koxkcrepa, 6yZieM Ha3bIBaTh HEPA3IONCUMBLMUL.

Obmas cTparerus HalIero JOKa3aTeabCTBa GyZeT TaKOBa: MBI BHI-
SICHUM, Kakux moAarpadoB He MOXKeT ObITh B CBsi3HOM rpade Kokcrepa.
B uTore MbI IpUZEM K TOMY, YTO Bce Tpadbl, He copeprKaliye 3TUX 3a-
MpeleHHBIX ToATPadoB, CYyTh B TOUHOCTH I'padsl U3 TeopeMsl 3.4. IToce
STOr0 HaM OCTaHETCH JIUIIb IPeAbABUTh IIPUMEpPHl IPYIIl OTpaXeHUH,
COOTBETCTBYIOLIUX 3TUM rpadam.

st 3agantoro rpada I' 6yzeM ncKaTh OMMCAHHYIO B 1. 3.1 cucteMy,
COCTOAIILYIO M3 €IMHUYHBIX BeKTOpoB. Ham m3BecTHa MaTpuna I'pama

G(T) =G(ay, ..., ay) = ((a, 4j)) 1<, j<n

STOM CHCTEMHI: Ha ee JUaroHa/Iu CTOSAT €IUHUIILI, a BHE AUMaroHaau —
HEeIOJI0XKUTENIbHBIE YyKca cos(m — 'rt/nij) =— cos('rt/nij). Ecau fBa Bek-
TOpa B U Y PasNokeHbl 10 6AZUCY U3 Oy, ..., Oy B= Db, ¥ = 2. c;0;,
TO UX CKaJIIPHOE IIPOU3BeJleHE PABHO

51

B )= by - b)(GI))

MaTpuriia ['pama cucTeMbI BEKTOPOB B MPOCTPAHCTBE ZIOMKHA OBITH
IIOJIOKUTEJIBHO OIIpeZiesieHa. JTO JaeT HaM BechbMa CHJIbHBIE OrpaHude-
HUs HA 3HaYeHus 1;; (T. e. Ha OTMETKU Ha pebpax rpada), KOTophIe T03-
BOJIAIOT UCKJIIOUUTDH HEKOTOPHIE Tpadbl. i UX UCKIIOUEeHUs MBI OyzeM
[I0JIb30BaThCA TPeMA OCHOBHBIMU MHCTPYMEHTaMHU.

IMo10KUTEIBHOCTD OmpeaeauTesiss MaTpunsl 'pama: det G(T") > 0.

Hepasencrso Komm—Bynsakosekoro: (A, u)2 < (A, A) (W, W) A7 Jo-
OBIX IBYX HE IIPOIOPIIMOHANBHBIX APYT APYTY BEKTOPOB A, .

Teopema ITudaropa: mycTs €, ..., & — OPTOHOPMHUPOBAHHAS CUCTEMA
BEKTOPOB (He ob6s3aTenpbHO 6asuc). Torzga Ay IPOU3BOIBLHOTO BEK-
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TOpa A BBIMIOJIHSETCA HEPaBEHCTBO
k
2
NSNS
i=1

IIpUYeEM OHO ABJIAETCA CTPOTMM TOrZa WM TOJIBKO TOTIZa4, Korga A ¢

& (e, ..., k).

3.4. [loka3aTenbCTBO TEOPEMBI O KIaccupUKalu:
Heo0X0AUMOCTh

B aTOM paszesie MBI B €CATH IIAroB UCKJIIOYUM HEKOTOPHIE, He ABJIA-
romue rpapamu Kokerepa. B pesysbraTe ocTaHyTCs TOJBKO T€, KOTOPBIE
nepevrcieHsl B TeopeMe 3.4. TeM caMbIM B TeopeMe OyzeT JoKasaHa
4acTb «TOJILKO TOTZA».

Iar 1. IIycts I’ — rpad Kokcrepa u rpad I’ nonygaerca us I' yaamre-
HUEM HEKOTOPBIX BEPIIWH M BCEX MPUMBIKAIOMKUX K HUM pebep. Torzaa
rpa¢ I —rpad Kokcrepa.

ODTO OYEBUIHO.

Ilar 2. I'pad KokcTepa ABISETCI AepeBOM (T. €. HE COAEPIKUT ITUKIIOB).

JoxasartennscTBo. Ilokaxkem, uro I' ABiAeTca zepeBoM. PaccmoTpum
BEKTOp AL =0 + ... + a,, IZle, KaK OOBIYHO, BEKTOPHI O; OTBEYAIOT IIPO-
CTBIM KOPHAM, U Hali/leM ero CKaJApHBIN KBaJparT:

(a, ) = (Zai, Zai) = n—ZZcos(ﬂ/nlj) =Zn— Z 1>0.

i<j 110 BCEM
pebpam
CrefoBatesbHO, YicIo pebep He mpeBocxogut n — 1, T.e. ' — gepeBo. [

IIar 3. I'pad KokcTepa He MOXKET COEPKATh:

a) BepIIMHY CTelleHU He MeHbIIIe 4;

0) BEpUIMHY CTEIeHH 3, U3 KOTOPOH MUCXOAUT Pebpo C OTMETKOH He
MeHbIIIe 4;

B) BepIINHY, U3 KOTOPOH UCXOJAT /iBa pebpa ¢ OTMeTKaMU He MeHb-
me 4.

JlokasaTeybcTBO. B cwiry mara 1 focTaTo4YHO IIPOBEPUTH, YTO HU
OZIVH U3 TPeX MUHUMAJIbHBIX I'PadOB, YZOBIETBOPSIOMINX YCIOBUAM a)—
B), He sBiserca rpadpom Kokcrepa. [leiCTBUTENBHO, MyCTh HUCXOAHBIN
rpad I' comepxuT Kakoil-mbo Takoil moarpad. YaamiM Bce BepIIUHEL
KpOMe BXOZSIIUX B 3TOT ToArpad, ¥ Bce UCXOAsAIINe U3 HUX pebpa. [Tomy-
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4YeHHBIN rpad b0 COAEPKUT UK (CTeI0BaTENBHO, He ABIAeTCs rpadom
Koxkcrepa B cwty miara 2), Tu60 UMeET BUJ, OMMCAHHBIN B YCIOBUM.
JlokaskeMm, uTo rpad

° °
N S
/N

° °

(BO3MOXHO, C OTMeTKaMU Ha pebpax) He sBisercsa rpadom Kokcrepa.
O603HaY1M BEKTOPHI, COOTBETCTBYIOIIUE [IEHTPATbHOM U KPAalTHUM Bep-
IIMHaM, 4epes3 o ¥ Oy, ..., 04 COOTBETCTBEHHO. [TociesH1e YeThIpe BeK-
TOpa 06pa3yroT OPTOHOPMUPOBAHHYIO CUCTEMY, a O He IPUHAJIEXKUT UX
JIMHEHOM o6osoYKe. 3HAYMUT, 10 TeopeMe [Tudaropa

4 4
1=(a, ) > > (o, 0)?> > (1/2)* = 1.
i=1 i=1

[TpoTuBOpeyYHe. U
Yopaxkuenwue 3.5. Pazbeputech CaMOCTOSITENBHO C TIII. 6) U B).
IIar 4. Ecim B rpade Kokcrepa I' UMeeTcs LernovKa BepIIvH, COeH-

HEHHBIX MeXJy co00i IMpoCThIMU pebpaMu, IpUdeM HUKAaKHe BepIIu-

HBI, KDOMeE IIepBOH U MocjefHeH, O0jlee HU ¢ YeM He COeMHEHE], TO 3Ty

LIEeTIOYKY MOXKHO «CTAHYTb», 3aMEHUB ee OJHOW BepIINHOMN U OCTaBUB

BCe OCTasIbHEIe pebpa U BepIIUHEI 6e3 u3MeHeHUi. [lomy4eHHEbIH B pe-

synsraTe rpad I Taroke 6yzer rpadom Kokerepa:

/
\

-~ - -~

/)—o—o—-u—o—’ ) ~ (/)—o—( )

\
-7 ~ -

JoxkasarenbcrBo. [IpeabaBuM s rpada r Habop BEKTOPOB C 3a-
JAHHBIMU CKaJISIPHBIMU TPOU3BEJAEHUAMU. DTOT HAbOp TOIydaeTCs U3
Habopa ayisa I' Ipy IOMOIIY 3aMeHbl BEKTOPOB Q. ..., O, COOTBETCTBY-
IOIIUX BEPITMHAM, KOTOPbIE 06Pa3yIoT IETIOYKY, HAa UX CYMMY 0L = ol + ...
...+ ay. JleiicTBUTeNbHO,

(@)= D (0, a)=2 > (o, au)=k—(k-1)=1,
1<i<k 1<i<k—1
a 4Jisd BCAKOTI'O BeKTOpa [Z)), COOTBeTCTBy’EOH.IeI‘O BepH.II/IHe HE K13 LEIIOYKH,
(o, B) = (aq, ) m6o (a, B) = (ag, B),

YTO U TpebOBAIOCh. O
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Omnpegenenue 3.6. OcoberHocmbio rpada OyzeM Ha3bIBaTh MO0 Bep-
IIMHY CTETIeHHU BHIIEe 2, IN60 KpaTHOe pebpo (T. e. pebpo ¢ OTMETKOI He
MeHbIIe 4).

Ilar 5. T'pad KokcTepa coaepXxuT He H60see OMHONH 0COOEHHOCTH.

Jloka3aTeabCcTBO. JTO CIeAyeT W3 IPEAbIAYIINX JBYX IIAaroB: €CIH
ocobeHHOCTell 6osee OZHOH, TO PACCMOTPUM IETIOYKY, COEAMHSIIONIYIO
aBe Gixaiiie ocOGEHHOCTH, U CTIHEM ee; TIoNTydeHHbIH rpad He 6y-
neT rpapom Kokctepa B cuiy mrara 3. |

JlanbHelIie YeThIpe 1Iara MOCBSIEHBl MCKIIOUYEHUI0O HEKOTOPBIX
nmoarpadoB ¢ KpaTHBIM pebpoM.

m
ITar 6. I'pap e —e — e —e pHe gpnderca rpapom Kokcrepa mpu
m = 5.
JlokazaTesbcTBO. IIpefnonoXuM IPOTUBHOe. IIycTh BeplIMHAM,

3aHyMepOBaHHBIM CJIeBa HAllPaBO, COOTBETCTBYIOT BEKTOPHL A1, ..., Oy.
PaccMOTpUM BEKTOPHL 3 = o + 2a,, ¥ = 203 + 4. Jlerko ybeauThed,
n_ 1445

gro (B, B)=(y, Y) =3, a (B, y) =—4cos % Ho cos% = cos T="7 -
3anuiieM HepaBeHCTBO Komy—ByHAKOBCKOrO:

9=33=@Bpr 1> B 1>>A+V5)?=6+2v5>09.
[IpoTuBOpeune. |
Ilar 7. Tpap ® —e — e — e — e He gBiAeTCA rpadoM Kokcrepa.
Ilar 8. I'pad e 2 e —e—e—e Hespuerca rpadom Koxkcrepa.

Illar 9. ['pad ® - e — e He apngercsa rpadom Kokerepa mpu m = 6.

Ynpaxnenue 3.7. I[Tonb3ysaAch MHCTPYMEHTapUEM U3 IPEALIAYIIErO
IIYHKTA, JOKQXKUTE 3TU TPU YTBEPKACHUA.

MEI DOTy4YMIH, 9TO eCIy rpad He COAEepP)KUT BEPIINHY CTENEHH 3, TO
OH ABJIAETCA OJHUM U3 ciefyommx: A, B, F,, Hs, Hy, I,(m).

Teneps paszbepem ciry4aii, Korga B rpade ecTh BEPIIMHA CTENEHH 3:

AN
o —0o— ... —@

ITar 10. I'pad ¢ BepuIMHOM cTelleHN 3, COCTOALINM U3 TpexX «IIyIla-
Jiell», AJIMHBI KOTOPBIX PaBHEL p —1, ¢ —1 1 r — 1 COOTBETCTBEHHO, AB-
ssetcs rpadoM KokcTepa TOIBKO TOTAA, KOTZA AJIs AJINH «IIyIIajell» Bbl-
IIOJIHEHO COOTHOLIEHUE

Iilelsa ®)
P
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Joxka3arenbcTBO (HaGpPOCOK). IIycTb BEKTOPHI O, ..., O

4 77
ay, o, O

/
S

’ COOTBETCTBYIOT BEpPUIMHAM, OOPA3yOIIUM «IIyIalblia»

q’
Y 3aHyMePOBAHHBIM OT KPAaeB K IIEHTPY TaK, 9TO O, = a; =a/. PaccMOT-
PUM OpTOrOHaJIbHbIE BEKTOPEI

o

a;+20,+...+(p—Da,_y,

o) +2a5+...+(q— l)a;_l

o) +205 +...+ (T —Da’ ..

n

BexTop a, = a(’l = o He JIGXUT B UX JIUHEHHOI o6omouke. Terneps ocTa-

JIOCh BOCITOJIb30BaThCsA Teopemoii [Tudaropa. O

HecoxXHO mTepednc/ivuTh BCe pelleHrs ypaBHeHUs (2) B I[EJIbIX 9HC-
Jax, 66abmux eauHUIBL: (p, g, r) MOXKeT 6BITh paBHO (2, 2, 1) IPU PO-
W3BOJBHOM 1" = 2, a Takxke (2, 3, 3), (2, 3,4) u (2, 3, 5). [lepBas cepust
pelneHu# zaet HaMm rpadsl Kokerepa tuma D, a mocjiefHue TpU — r'pa-
51 Eg, E; 1 Eg.

3.5. /loka3aTeJbCTBO TEOPEMBI O KaaccuPUKAIIN:
AOCTAaTOYHOCTh

[Tocnennee, 94TO OT HaC TPebyeTCs — 3TO BEIIUCATH CUCTEMbI KOPHEH
U TIPOCTHIX KOPHEeH A7 Bcex rpadoB, MepeunciIeHHbIX B TeopeMe 3.4.
DTOMY IOCBAIIEH HAaCTOAIINM paszel.

CucTteMbl KOpHel, COOTBeTCTByloIIue cepusaMm A,, B,, D, u I,(m),
MBI y)Ke Buzieau B 1. 2.2. OcTtanoch pa3obpaThCs ¢ CCTEMaMK KOPHEH,
KOTOpEIE COOTBETCTBYIOT rpadam Eg, E;, Eg, F,, Hy u H,. OKka3slBaeTcH,
IocjIeZiHNE TPU CUCTEMBI KOPHeH HaM y»Ke BCTpeydallch B UHTepMe/u.

IIpeanoxenue 3.8. 1. BuxapHas 2pynna kyba ¢ C H ecmsb cucmema
kopHell muna F,.

2. BunapHasa epynna uxocasdpa J C H ecms cucmema xopHeil mu-
na Hy.

3. ITycms 3™ ecmb MHOIICECMB0 UUCTNO MHUMBLX KEAMEPHUOHOE U3 J.
OHo obpasyem cucmemy kopHell muna Hs.

Ml He GyZeM [JOKa3blBaTh OTO TMpeAJIOXKEHUEe, a JIUIIb BIMUIIEM
SIBHO CHUCTeMBI IIPOCTBIX KOpHeH /A yKa3aHHBIX cucTeM KopHei. IIpo-
BepKa TOrO, YTO 3TH HABOPHEl BEKTOPOB JEHCTBUTENBHO CYTh CHCTEMBI
TIPOCTBIX KOPHEMN, a TakKe YTO YIVIbl MeXJy HUMU Takue, KaK IIpesnu-
ca"o rpadom Kokcrepa, ocTaHeTCS] YUTATENIO B KaUeCTBe HECJIOXKHOTO
yIIpaXKHEHU.
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A cucteMbl KopHel ¢ nMeeM
1, . 1
MTRT) T

A BOT cucTeMa IIPOCTHIX KOpHeH /71 chcTeMbl KOpHeit J:

G-k, =k ay=50-i—j—k.

1

1, _ . 1 . 1.
a; =50 —pj—k), ay=3(—pite lj+k),

1, 4., . 1, 1. .
ag = 5@+ —9k), oy =509 i~ j+9k)

1++/5
2
PasyloT cucTeMy IPOCTBIX KOpHeH [ cCuCTeMbl KOpHel 3™, CnegmoBa-

TeJIbHO, NTOC/IeAHAA ABJIAETCA CUCTeMON kopHel tuna H;. MoxHO 1oka-
3aTh, YTO COOTBETCTBYIOIAA IPyIIa OTPaKeHUi ecTb IpylIa CUMMeT-
puii uxkocasgpa Syml.

Ternepb ocTanock yOeAUTHCA B CYIIECTBOBAHUY CUCTEM KODHeH THIIa
E¢, E; 1 Eg. B cuiy mara 1 us npezpliAylero IMyHKTa OCTaTOYHO IIPe/b-
SABUTDH CUCTeMy KOpHel Tuna Eg; ocTasbHble iBe cucTeMsl Eg u E, 6yayT
B Hel coziepKaThCs.

B npuHnumne, sTy cucTeMy KOpHeH U CUCTeMY IPOCTBIX KODHEU MOX-
HO ObUTO GBI BHIITMCATH ABHO M Ha 3TOM OCTAHOBUTBLCH — IIPOBEPKA I10-
KQXKEeT, YTO NpebABIEHHBIN HabOp AelCTBUTENbHO SBJIAETCA HYXHON
HaM CHCTEMOU KOpHel (¢ ZaHHOU amarpammoii). OfHAKO MbI XOTeIu
6bI MOTHBHUPOBATh 3Ty KOHCTPYKLHIO, IIOKA3aB, OTKY/A MOSABJIAETCS 3Ta
cucTeMa KOpHeH, U MOIyTHO YIOMAHYTH O ellle OAHOM 3aZaue, Iie BO3-
HUKAIOT IPYIIIBl OTPAKEHUH.

Kax MBI y>xe yIIOMAHY/IM B Hadase 3Toi 6pourropsl, rpader Koxcre-
pa— B TOI WIX MHOU CBOEl MHKapHallMU — BO3HUKAIOT BO MHOTHUX 3a-
nadax. B yacTHOCTH, MX GipKaiiIivie POACTBEHHUKHU, cxeMbl [JblHKUHA,
MOABJIAIOTCA B 33/1a4e KJIaCCUGUKAIINH TaK Ha3bIBaeMbIX KPUCMALN02DA-
duueckux epynn. Mel He GyZeM 37€Ch BJABAThCA HU B JETaIH CXOACTBA
U pasIn4ma MeXAY STUMU POACTBEHHUKaMU (CKaXKeM JIUIIb, HallpuMep,
yTo rpady Kokcrepa B, COOTBETCTBYIOT Be cxeMbl JJpiHKUHA B, u C,,
4yTO 0OBACHAET, II0YeMy Hocse OYKBEI B y Hac uzeT D), HU B TEOPHUIO
KpHUCTa/UIOrpapUyeCcKUX TPy — UOO0 I 3TOr0 06BbeM OPOLIIOPHI IPU-
IITOCh GBI CyLIECTBEHHO yBEIMYUTh. [IpoynTaTh 06 3TOM MOXKHO, Ha-
puMep, B II. 2 KHUTH [10]; MBI Jke CKa)keM JINIIb, YTO KpucTasuorpadu-
YyecKue TPYIIIIBI CBA3aHBI ¢ U3yuYeHNeM HEeKOTOpHIX pelreTok B R". CooT-
BETCTBYIOIIME CUCTeMbI KOPHEl IIPU 3TOM OKa3bIBAIOTCS NPUXOJANINMU
U3 «KOPOTKUX» BEKTOPOB 3TUX PEIIETOK.

(3mech, Kak U paHblie, Y = ). IIpu aTOM KOpHH Q.,, O3 U 0Ly 06-
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Jlnsl mocTpoeHUsA cUCTeMbl KOpHeli Tuna Eg MBI kKak pa3 MOCTPOUM
HEKOTOPYIO PEIIeTKYy B BOCBMHMEDHOM IIPOCTPAHCTBE U PaCcCMOTPUM
B Hell MHOXECTBO BCeX BEKTOPOB MUHUMAaJIBbHOM MONOXKUTEIbHON JJIN-
Hel. OHO 6GyzZeT 06pa30BEIBATH HY)KHYIO HaM CUCTEMY KOpHEH.

ITycTb ey, ..., €g — OPTOHOPMMpPOBaHHHIA 6asuc B R®. Haunem c pe-
meTku L', cocTosmedl M3 BCeX BEKTOPOB Y. cC;e;, I KOTOPHIX C; € Z

8
¥ CyMMa Bcex KodpUIMEHTOB ) ,._, ¢; 4eTHa. Tenepb pacCMOTPUM MH-
18
/ .
HUMAaJIbHYIO PEIIeTKY, CoAepXalyio L' i BeKTop 5 > €

8
L=L'+Z{ 3> ¢
i=1
3ameTHM, 4TO KBaZpaT JJIMHBI JIOOOr0o BEKTOPA B 3TOM pelleTKe YeTeH
(mpoBepsre 310!). O603HAUNM Yepe3 ¢ MHOKXeCTBO BEKTOPOB, KBaApaT
JJIVHBI KOTOPHIX MUHMMaJIeH, T.e. paBeH 2. MHoxxecTBO ¢ cOCTOUT u3
240 BEKTOpPOB:

8

E +e; (UMCIO 3HAKOB «+>» YETHO).
i=1

N

:l:el':l:ej (l<]) n

Yopaxuenue 3.9. Jlokaxxure, uto ¢ ABIAETCA CUCTEMOM KOPHEH.

B xayecTBe cucTeMBI IPOCTHIX KOpHeill B & Bo3bMeM ciIeAyromuii Ha-
6op:
1
5

o) =5(e;—ey;—eg3—es—es—eg—e;+eg),

o, =e;te,y,
(X,i = ei_l _el‘_z (3 $ l S 8)

Yopaxuenue 3.10. [IpoBepbTe, YTO 3TO AEUCTBUTEJBHO CHUCTeMa
IIPOCTHIX KOpHeH B @, cooTBeTCcTByMOMmas rpady Kokcrepa Eg. Yoeaurech
TaKXe, YTO IIepBhle 1IEeCThb U IIEPBLIE CEMb U3 IIEPEYUCIEHHBIX BEKTOPOB
O; IIOPOXJAIOT CUCTeMBI KopHel! Tuna Eg u E; cOOTBeTCTBEHHO.

Utak, ana kaxzgoro rpada u3 crucka B TeopeMe 3.4 MBI IPEABABU-
JIA COOTBETCTBYIOLIYIO CUCTEMYy KOPHeH. JTO JaeT HaM IIOJHYyIO KJjac-
cUUKAIUIO0 KOHEYHBIX TPYIII OTpakeHUi. TeopeMa 0 KiaccudUKaIiu
KOHEYHBIX I'PYII OTPa)KeHUH J0Ka3aHa IOJTHOCTBIO. |



Jlekmusa 4

FOpO,Z[ PAaCIIONIOKEH YETBEPOYT'OJIbHUKOM, U AJIN-
Ha €ro Takad e, KakK 1 NIrMpoTa. nu U3MEPUJI OH I'opojg
TPOCTBIO Ha ABE€HaALIATh ThICAY CTa,Z[Hﬁ; JJINHa U Iu-
PpOTa 1 BbICOTA €I0 paBHBIL.

Omkxkposerue HoanHa Bozocnosa, 21:16

B aTOl seKIMKu MBI JOCTUTHEM Ilesd, 3adBJeHHON B caMOM Hadva-
Jie GPOLIIOPHI: MBI AafM OTIpeZiesieHre MPaBUILHOTO MHOTOTPAaHHUKA
B N-MepHOM IIPOCTPAHCTBe, I10CJ/Ie Yero OIMIIeM Bce IIpaBUIbHbIE MHO-
rOrpaHHUKU. JDTO OyAeT cAelaHo cieAyromuM obpaszoM. CHavana MBI
IIOKa)KeM, YTO TpyIlla CUMMeTPUM IpaBWIbHOI'O MHOI'OTPAHHUKA €CTh
Ipynna oTpaxeHuil. Bosee Toro, sta rpynmna obs3aHa y4OBIETBOPATDH
cleZlytoleMy JOTIOMHUTENIbHOMY YCIoBHIO: ee rpad Kokcrepa JiuHeeH,
T. €. He COZIepKUT BepIIUH cTeneHu 3. Jlajee Mbl BBIACHHUM, YTO II0 3TOH
rpyIIie MOXXHO BOCCTaHOBUTH CaM IPAaBWIbHBIY MHOTOTDaHHUK, NpPU-
yeM He Gosee 4eM AByM: crocob6amu. IIpu 3TOM Ba MHOTOTpaHHUKA
C OAIHOUM M TOU ’Ke TPYIIION CUMMETPUI OYAyT ABOWCTBEHHBIMH JAPYT
K Apyry. HakoHel, MBI HaliZieM KOJIMYeCTBO I'paHel KaxA0H pasMepHO-
CTH y KQXX/JOTO U3 MOMyYeHHBIX MHOTOTPaHHUKOB.

4.1. TIpaBWIbHbIE MHOTOTPAHHUKU U UX TPYIIIbI
CUMMeTpuii

B nexuyu 1 MBI pacCMOTPEJIH IPYIIIbl CUMMETPU IPaBUIbHBIX MHO-
TOrPaHHUKOB B TPEXMEPHOM IIPOCTPAHCTBE U yOeAWINCH, YTO OHU 06J1a-
JIAl0T CJIEIYIOUTNM CBOMCTBOM: I'pyIiia CMMMeTpuii Sym M IIpaBUIbHOTO
MHOTOI'DaHHUKA M JZelicTByeT TpaH3WUTHBHO Ha ¢uiarax — Habopax u3
MIPUMBIKAIOIIUX APYT K APYTY BEPIIUHEI, pebpa ¥ rpaHi MHOTOTPaHHUKA
M. TlonaTue ¢nara oueBUAHEIM 06pa30M NMEPEHOCUTCS Ha MHOTOIPaH-
HUKY [IPOM3BOJIBHON Pa3MepHOCTH.

Onpegenenue 4.1. [lyctb M — MHororpansHvk B R" u %, &, ...

.., &,_1 —MHOXecTBa ero 0-MepHBIX I'paHel (BepHINH), OAHOMEPHBIX
rpaueii (pebep), ..., TpaHeil pasmepHocTy n — 1 (runeprpaneii). [Tocre-
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JoBaTrelbHOCTb rpaneit (Fy, Fy, ..., F,), roe F; € %;, a F, =M, Ha3bIBaeT-
ca ¢naeom, ecnu F; CF;, npu Bcexior 0 jon—1.

[Tocsie sToro ykasaHHOe CBOMCTBO I'PYII CUMMETPHUI MOXHO IIpH-
HATDb B Ka4ecTBe OIIpeZiesIeHNsA NPaBUJILHOTO MHOTOTPaHHUKA.

Onpeaenenne 4.2. MHOrorpaHHUK M HasbIBAETCA NPABUIbHBIM, €C-
s gedictBue Sym M Ha ¢uarax TpaH3UTHUBHO, T. €. JI000H ¢rar MOXXHO
MepeBECTH B JIFOOO APyTOii.

[Tycts M — npaBUIbHBIM MHOT'OTPAaHHUK B N-MEPHOM IIPOCTPAHCTBe.
PaccMoTpuM Kakyro-HUGYAb ero rpaHb F. [1o ompeseeHrIo OHa TOXe SB-
JIAETCs IPaBWIbHBIM MHOTOI'DaHHUKOM, U €€ CHMMETPHH CyTb B TOUHOCTH
CUMMeTpUU MHOTOTpaHHUKa M, ocTasyAmoLIre rpadb F Ha MecTe.

3ameuanue. Eciu cumMeTpus rpanu F aBisgeTca oTpaxkeHueM (Kak
npeo6pa3oBaHUe IVIOCKOCTH, coZiepKalieii F), To OHa MPOA0/IKAeTCs 10
OTpaKEHHUA BCEr'o IIPOCTPAHCTBA, CoAepKalero MHOTOrpaHHUuK M.

Teopema 4.3. I'pynna Sym M nopoxcdaemcst n ompaxceHUsIMU.

JlokasaTenbcTBO. JlokakeM dTO yTBepXJeHue MHAYKIKel o pas-
MEPHOCTH MHOT'OTpaHHUKA. ba3a uHAyKIMy odeBUjHA: IIpu n =1 eaus-
CTBEHHBIN ITPABWIbHBIM MHOTOI'PAaHHUK — 3TO OTPE30K, ero rpyria cCuM-
MeTpUll NopoXkJaeTca OJHUM OTpaKeHUEM.

[TycTs M — MHOTOIpaHHUK pasMepHOCTHU 1. PaccMoTpuM ZiBe €ro ru-
neprpanu F u F’, nepecekatoupecs 1o rpanu E pasmeprHocTu n — 2. J[o-
CTaTOYHO /I0Ka3aThb, 4To Sym M TmopokgaeTcs noarpymnmnoi SymF u ot-
paXeHueM S OTHOCUTeNbHO TpaHU E (TouHee, OTHOCUTENIBHO TUIIEp-
IUIOCKOCTH, TpOoXoAsAIie yepe3 E 1 yepe3 1ieHTp MHOTrOrpaHHuka). O6o-
3HauYuM 4yepe3 [ rpymiry, IOpoKAeHHYIO OTpaKeHHeM s u Sym F, u 6yzem
ZlOKasblBaTh, 4yTo I'=Sym M.

CHauasa JoKaxeM, 49TO ' ComepXUT OTpakeHHe OTHOCUTEIBHO JIIO-
6oit rpanu E’ pasmepHOCTH n — 2, IpuHaAexaiiei F (0603HaYUM 3TO
oTpakeHue depes s’). JIeMCTBUTENBHO, B CHIYy TPAaH3UTUBHOCTH /IEH-
cTBus Sym F Ha TpaHAX JaHHON pPa3MEPHOCTH CYLIECTBYeT mpeobpaso-
BaHue g € SymF, nepesogsamee E B E’. Torna oTpaxkeHue s’ 3aIIMChIBAET-
€A KaK pe3yJbTaT COIPDKEHUA OTPKEHUA S IIPX [IOMOLIY dJIeMeHTa g:

s'=gosog™!,
cegoBaresnbHo, s’ €T

Temeps AokaxkeM, uTo I cofiep:KUT Bce Mpeobpa3oBaHusl, TepeBOI-
e rpab F’ B ce6s. JIeWCTBUTENBHO, OHM BCE UMEIOT BU/I

g =sogos,
rzie g € Sym F’ (moc/ieiHwii COMHOXKUTEN b MOXKHO He 06palarh, Tak KakK
s71=5). Beibupas B KauecTBe ¢ BCEBO3MOXKHbEIE CUMMETPHHU rpaHu F,
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MBI OyZIEM TIOTy4aTh B KauecTBe g’ BCEBO3MOYKHbIE CHMMETPUY rpaHu F’.
CneposarenbHo, SymF’ CT.

Te ke caMmble PacCy>KAE€HUA MOXHO ITPOBeCTH, 3amMeHuB F Ha F/ a F’
Ha TIPOU3BOJILHYIO IPaHb, CMEXHYI0 ¢ F/, 1 T. 1. B uTore moy4um, 9o I’
COZIEP’KUT BCE CUMMETPUH BCeX ruiieprpaHeil Halulero MHOTrOI'paHHUKA
U BCe CUMMETPUH OTHOCHUTEJIBbHO ero I'paHeli pa3MepHOCTH n — 2.

Temepb pacCMOTPUM IIPOU3BOIBLHOE ITpeobpasoBanue g € Sym M u He-
KOTOpYIO rumneprpass F MHororpaHHuka M. Mbl y:ke 3HaeM, 4TO UMeeT-
Cs1 KOMITO3UIIYA OTPaXeHHUM OTHOCUTENBHO I'paHel pa3MepHOCTH n — 2,
nepeBogsmasn F B g(F). O603HauYMM ee yepes3 w; COIVIACHO I0Ka3aHHOMY,
w €T. Komnosunusa h=w ™! o g nepeBoaut rumneprpass F B ce6s, 103To-
My h € SymF CT'. CiegoBaTenbHo, g =woh € T'. 3Hauur, I'=SymM,
YTO U Tpe6OBaIOCE. O

4.2. O6pasyrolye rpynnbl CHMMeTPUii
MPaBUIbLHOIO MHOTOIPAHHUKA U COOTHOLIEHUA
MeXay HUMU

[peprinymasn Teopema (BepHee, ee [oKa3aTelbCTBO) ZaeT HaM BO3-
MOXXHOCTb TIpeABbSBUTH ObOpasyiomue rpynmnbl SymM B SIBHOM BUJE.
s sToro ¢ukcupyeM IpousBonbHbIN ¢nar (Fy, Fy, ..., F,). IlycTb ¢y,
€1, .-+, ¢, — IIEHTPHI 3TUX I'paHelt (B 4acTHOCTH, ¢y =F), a ¢, coBnajaer
C LIEHTPOM MaccC BCero MHororpaHHuika). s xaxzaoro i € [1, n] o6o-
3HaYMM 4epe3 H; TUIepIUIOCKOCTb, IPOXOAAIIYIO Yepe3 BCe 3TH TOYKH,
KpoMme c;_; (Takol cZABUT HyMepalliuu BbI3BaH Te€M, YTO MBI XOTUM HyMe-
pOBaTh THIEPIUIOCKOCTH yuciaaMmu ot 1 10 n, a He ot 0 70 n — 1). Pac-
CMOTPUM Hab0p OTPAXKEHUH §; OTHOCUTENIBHO TUX TUIEPIUIOCKOCTEM.

W3 Halero nocTpoeHus cjieAyeT, 4To KakzAasd IUIOCKOCTb H; coxep-
KUT BCe rpaHu F; mpu j <1 — 2 ¥ NepIeHAVKYIsIpHA BCEM IpaHiaM F
npu [ = i. Ec/iu OTpaHUYUTh OTPaKEHHUE §; HA [-MepHOe IOAIPOCTPaH-
CTBO, coZepskalllee I'paHb F;, To B HEM OHO JIeHiCTBYeT KaK OTpakeHUe
OTHOCUTEJIBHO T'PaHu F;_,. MBI MOXydwIu cieAyounii pesyabTar.

CnepcrBue 4.4 (13 1oKa3aTeabCcTBa TeopeMbl 4.3). OnucaHHble 8bl-
ule OMpasceHus Sy, ..., S, nopoxcdarom zpynny Sym M.

Teneps BBIACHUM, KAKMM COOTHOIIEHUSM YAOBIETBOPSIOT 3T 06pa-
3yromue.

Onpegenenue 4.5. Ilycts (Fy, ..., F,,) — HeKOTOpEIN ¢rar npaBUiIb-
Horo MHororpanHuka M u 1 <k <n — 1. Yucno k-MepHEIX rpaHeH, co-
nepxxamyxca B F; U cogepxamux Fj_,, o6o3HauuM depes p;. (IIpu
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3ToM MBI GopMasbHO IonaraeM F_; = @). Yucino (k — 1)-MepHBIX I'pa-
Hell, 3aKII0YeHHbIX Mexay F; u F)_,, Taxoke paBHO p; (modyemy?). Ha-
60p (p1, ---, Pn—1) HasbIBaeTCA cuMB0I0M [lInediu MHOTOTpaHHUKA M.

OueBHZAHO, YTO ZAaHHOE OIIpeZieieHre He 3aBUCUT OT BEIOOpa ¢riara.

Ipumep 4.6. Cumbon llnednu kyba paseH (4, 3). JleliCTBUTENBHO,
p; =4, Tak Kak KaKJas rpaHb COAEPIKUT YeTEIpe pebpa U 4eThIpe Bep-
LIVHBI; P, = 3, MIOCKOJIbKY KaXkZas BeplINHA COAepKUTCA POBHO B Tpex
pebpax u Tpex rpaHax. Yoegurech camu, yTo cuMBoibL [lnedmnu TeTpa-
37pa, OKTas3Zpa, MKocasZpa U JoAekaszpa pasHH (3, 3), (3,4), (3,5)
U (5, 3) cooTBEeTCTBEHHO.

Ipeanoxenue 4.7. [Tycms sq, ..., S, — cucmema obpasyroujux 2pyn-
nst Sym M, nocmpoernas 8 Hauane amozo nynkma. Tozda

1) s;s;=s;s; npu |i—j|>1;

2) nopsdok anemeHma s;S;,, pasen p;, 20e (pi, ..., Pp_1) — CUMBON
IInegau mHozozpanHuka M.

Jlokxa3atenbcTBO. 1) /loka)keM, YTO FMIIEPILIOCKOCTH OTPasKeHUH §;
U §; IepPIEHANKYIAPHEL [TycTb k TakoBo, 4T i <k < j. Toraa runepmroc-
KOCTb H; NeplneHAnKy/IspHa rpaHu Fj_;, a TUIEepPIUIOCKOCTh H; conep-
JKUT TpaHb Fj_,. 3HAUUT, TUIIEPIVIOCKOCTH H; U H; nepneHauKyIIspHEL.

2) Komnosunusa oTpakeHUH s; U §;,, ABIAETCA IOBOPOTOM BOKDYT
(i — 2)-mepHoii rpanu F;_, Ha yron 2m/m, rae m — KOJIU4eCTBO i-Mep-
Hbix (wiu (i — 1)-MepHBIX) IpaHel, cxozaauuxca B F;_,, T.e. m = p;.
3Ha4UT, OPAAOK JIEeMeHTa S;S;,; AeWCTBUTENbHO PaBeH p;. 3aMeTUM,
B YaCTHOCTH, 4YTO OTpaKeHUA C COCeJHMMU HOMepaMUu He KOMMYTHUDY-
10T, TaK Kak p; = 3. O

Bo3HukaeT ecrecTBeHHas rumnoresa: SymM ecTb Ipylna oTpake-
HUM, cooTBeTCTByMOWasa rpady Kokcrepa ¢ n BepIIMHAMH, B KOTOPOM
MeXZy KaXJbIMU ABYMs IIOCIe0BaTeIbHBIMU BEPIIMHAMU C HOMepaMu
i u i+ 1 nmeercsa pebpo ¢ OTMETKOH p;, a HUKaKWe APYrHe BepPLINHEL
MeXZAy co60i He coequHeHBl. MBI IOKa)KEM, YTO 3TO JeHCTBUTENBHO
Tak. JJi1 3TOro HaM HY)XHO II0Ka3aTb, YTO IIOCTPOEHHEBIE S; ABJAIOTCA
npocmuiMU OTPAKEHUAMH.

4.3. CucrteMa KOpHeU rpylnbl CHMMeTPHI
MpaBWIbHOTO MHOTOTPaHHUKA

BospmeM npousBonbHEIA Quar (Fy, Fy, ..., F;) MHOTOrpaHHMKa M 1

dbuKcrpyeM HeHTpE ero rpaHeii ¢;. Jlna kaxzoro i € [1, n] Bo3pMeM ru-
/ /

TePILIOCKOCTB, IPOXOAAILYIO Yepe3 Bee C;, KPOME ¢;_; . Tenepb paceMoT-
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pPUM BEKTOp O €AVUHWYHOM JJIVHEI, NeplIeHANKYIAPHBIN 3TOH rumep-
IUIOCKOCTH Y HallpaBJeHHBIN B IOMYIIPOCTPAHCTBO, coZepsKallee Ipo-
IyIeHHbIH [IeHTpP TPaHH C,_,. O603HAUYMM MHOXECTBO BCeX TaKUX BeK-
TOPOB, TOJYYEHHBIX IIPU BCEBO3MOXKHEIX BBHIOOpax ¢iaroB 1 HOMEPOB
NIpOIyIlleHHBIX I'PaHel i, yepes .

Jlemma 4.8. 1. MHoxcecmeo ® signsiemces cucmemoti kopHeii, m. e. yoo-
aniemgopsiem obeum akcuomam u3 onpedeseHusi 2.2.

2. I'pynna ompasxceruti W, nocmpoeHHas no cucmeme kopHeii ®, cos-
nadaem c epynnoii Sym M.

Jloka3aTejabCTBO.

3azaua 4.9. [/lokaxkuTe 11. 1 caMOCTOATENBHO.

2. I'pynima W niopokzieHa OTpaXeHUAMMU S, TIpU BeeX o € $. VI3 nipeasl-
JYILETO IMyHKTA MBI 3HAEM, YTO TOCTPOEHHAs TaK CUCTeMa 00pasyIomux
S1s .-y Sp Tpynmel Sym M sexut B W; sHauut, SymM C W. C apyroi
CTOPOHBL, JI060€e M3 pacCMaTpPUBAaeMbIX OTPKEHUIN COXPaHAET MHOTO-
rpa"gHuk M, mostomy W C Sym M. |

I[TycTh, KaK U Ipexze, ¢; — LeHTPHI TpaHell Halero GUKCUPOBAHHO-
ro ¢uara (Fy, ..., F,). O603HaunM yepes 3; eJMHIYHBIN BEKTOP, ITEPIIEH-
AVKYJIAPHBIA TMIIEPILIOCKOCTH, TIPOXOAANIEH Yepes Bee ¢; mpu j #1— 1
U JIeXKAIUU B TOM JKe ITOMyTIPOCTPAHCTBE, YTO U C;_q.

Jlemma 4.10. {f34, ..., B} ecms cucmema npocmoix KopHeil 0ns cu-
cmembl kKopHell P.

JoxkasartenbcTBo. IlycTh Hl.+ — IOJIyIIPOCTPAHCTBO, OrPaHUYEHHOE
TUIEPIUIOCKOCTRIO H; u comepxaiee BekTop [3; (WIH, 4TO TO JKe caMoe,
TOYKY ;_1). PaccMoTpuM ¢hyHOaMeHMANbHBLI KOHYC

D= ﬁHj.
i=1

[To onpezenenuio D ecTb KOHYC, ABOMCTBEHHBIN K KOHYyCY, ITOPOX-
[eHHOMY BeKTopamu fi, ..., ,. MoxHo ybegutbcsa (mmpoBepbTe 3TO!),
yro IntD He IepecekaeTcs HU C KaKOW U3 rumepIviockocreit H, npu
npousBobHOM a € ®. Torza yTBepxJeHue JIeMMEI clefyeT U3 II. 1 pes-
JoxeHusa 2.32. O

Yopaxuenwne 4.11. JJokaxure, 9yTo D ABisgeTca pyHAAMEHTATbHOU
061aCThIO0 A1 TPYIIBL Sym M.

VITak, MBI ZJIOKa3aJl TEOPEMY O KIACCUPUKALIUN T'PYII CUMMETPUI
IIpaBWIbHBIX MHOTOIPAaHHUKOB, 3aABJIEHHYIO B Ha4aJle 3TOro IIyHKTa.

Teopema 4.12. Ipynna cummempuii Sym M npasuibHo20 MHO202PAH-
Huka M sensemcs epynnoil ompaxceruil. Ee epag Kokcmepa nuneen (m. e.
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He codepacum gepluuH cmeneHu 3) u cgs3eH. Qucnosas ommemka Ha ped-
pe epaga Koxcmepa, coedunsirowem gepuunsl i u i+ 1, pasHa p;, 20e
(p1, --+> Pn_1) — cumson Illnepnu mHozoepanHuxka M.

Bce BO3MOXKHBIE I'PYIIIIEL CHMMEeTPHUI IPABIWIBHEIX MHOTOTDAaHHUKOB
[Ipe/ICTaBIe b B cleytoleii Tabauie. Tam, Te 3TO BO3MOXXHO, MBI TaK-
K€ TIPUBOZAUM OIVCAHKE 3TUX I'PYIII.

Tun I'pad Koxcrepa | Sym M| Sym M
A, e—e— ... —e—weo [(n+1)! cuMMeTpudeckad rpymmna &,
B, |e—e——ete|onm i %6,
4 7.32
F, e — 9o —0o—o 1152=2"-3
Hy |o—eo—0 120=2%-3-5 Zy X s
H |o—e—o2o0 14400=26.32.52
Iy(m)| e R 2m rpymna CMuMMeTpui
M-yrOoJIbHUKA

4.4. TlocTpoeHure NMPaBWIbHOTO MHOTOTPaHHUKA
10 ero rpymnie cuMMeTpUi

B mpeapiayelt yacTu 3TOM JIEKIIUU MBI Pelllaiy CAeAyIoNylo 3aady:
KaK OIlHMcaTh IPYNIy cuMMeTpuil Sym M /g 3aJaHHOT'O IIPaBWIBHOI'O
MHororpanauka M? Celiyac MbI 3aliMeMcs 06paTHOM 3aja4eli, a UMeH-
HO, 6yZIeM BOCCTaHaBIUBATh IIPABWIbHBIM MHOTOTPaHHUK 110 €T'0 TPYIIIE
CUMMETPUH.

[Tyctb M — npaBWIbHBIM MHOTOTPaHHUK, (Fy, ..., F,) — HEKOTOPBIH
ero ¢uar. ITo 3TUM JaHHBIM MbI IOCTPOWIH GYHAAMEHTAIbHEIN KOHYC D
MHOTOrpaHHMKa M U ZioKa3ajau, YTO OH ABJAETCA 3aMblKAHHUEM HEKO-
TOpO¥ Kamepsl Beita rpymmnbel Sym M. [Ipu aTom M 0Z[HO3HAYHO OTIpe-
JeJIseTcs TOYKaMH Co, ..., Cp_1, JEKAIMUMYU Ha pebpax KoHyca D, —atu
TOYKHU SABJIAIOTCA IIeHTpaMu TpaHeii F; BeibpanHoro ¢uara. Tem caMbiM
pebpa PpyHAAMEHTATBHOTO KOHYCA OKA3bIBAIOTCA IPOHYMEPOBAHHBIMU.
[Janee, runieprpass F,_; IpoxoguT yepe3 Bce TOYKH Cy, ..., C,_1 U NEp-
MEeHANKYIAPHA IPAMOH C,_,C,. TakuM obpasoM, o GyHZaMEHTATBHO-
My KOHycy D ¢ IpoHyMepoBaHHBIMU pebGpaMyi MHOTOT'paHHUK M Boc-
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Puc. 8. BocctaHoBeHMe Kyba 10 ero GyHZaMeHTaIbHOMY KOHYCY

CTaHABJIMBAETCA OJHO3HAYHO C TOYHOCTBIO ZI0 MozA06uA (OTBEYAIOIIero
BBIGOPY TOYKH C,_; Ha COOTBETCTBYIOIIEM pebpe).

Touka c,_; BeIOUpaercs Ha pebpe QyHIAMEHTaIbHOIO KOHYyCa, OTBE-
yarommeM sucsiueil sepuiure rpada Koxcrepa. Takux BepummH zBe. IToaTo-
My IIpY 3aJlaHUM NPaBWILHOTO MHOrOrpaHHuKa rpadom Kokcrepa cyre-
CTBEHHYIO POJIb UT'PaeT ero OpheHTalysA — yKa3aHue TOro, Kakad BUcAYad
BepIIMHA OTBeYaeT epBOMY OTPaKEHUIO §;, & Kakas — MOCTIeJHEMY S ,.

Onpegenenue 4.13. JluHelHbIN cBA3HBIM rpad Kokcrepa, B KOTO-
POM OZIHA W3 BUCAYMX BEPUIMH OObABIEHA HAYalIOM, a Apyras — KOH-
LIOM, Ha3bIBAETCA OPUEHMUPOBAHHBLM.

Teopema 4.14. KasxcOblil opueHmMupo8aHHslil AUHelIHbLI c8513HbLiL 2pag
Koxcmepa coomsemcmgyem pogHO 00HOMY NPABUNEHOMY MHO202PAHHUKY
(¢ mounocmeio 0o nodobus). Cumeon Illnedau amozo MHO202PAHHUKA
paseH nocnedogamenbHOCMU 0OMMemok Ha pebpax daxHHoz0 2pagda Koxc-
mepa, NPOUUMAHHOU HAYUHAA € HAUAILHOU 8ePULLHDL.

JlokazaTesnbcTBo. CHavana JoKakeM CyIIeCTBOBAHME TaKOTO MHO-
rorpaHHuKa. PaccMoTpuM cucteMy KOopHell ®, COOTBETCTBYIOLIYIO 3a-
nmanHoMy rpady Kokcrepa. ITycte W — cooTBeTCTByIOIIAA IpyIna oTpa-
KeHUH, P, ..., 3, — cucTeMa IPOCTHIX KopHel B ¢, a D — KOHYC, BOH-
CTBEHHBIN K KOHYCY, IIOPOXKJ€HHOMY IIPOCTHIMU KOPHAMHU. PaccMoTpum
pebpo r KoHyca D, momydeHHOe KaK IlepecedeHre BCeX I'MITEPIUIOCKO-
cTeil H; oTpaxkeHuil oTHocutenbHO 3; npu 1 <i<n—1 (T.e. rumep-
IUIOCKOCTeH BCeX IIPOCTBIX OTPa)KeHUM, KpoMe nocieaHero). Iycrs IT—
adpUHHAA TUIEPIUIOCKOCTh KOPHEH, EPIEHANKY/IAPHAA 3TOMY pebpy,
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Puc. 9. BoccTaHOBIIEHHE OKTadzpa 0 ero GyHAaMeHTaIbHOMY KOHYCY

a [1I” — nonynpocTpaHCcTBO ¢ rpanutielt I1, cozepxkaliee BeplInHY KOHY-
ca D. BosbmeM Bce MOIYIIPOCTPAHCTBA, IoxydaeMble U3 1~ felicTBueM
a7eMeHTOB U3 W, U pacCMOTPUM MHOX€CTBO

M= ﬂ w-TT".

wew

DTO MHOTOTPaHHMK, I'PYIION CUMMeTpuil KoToporo Asiderca W. Te-
Iepb OCTaNIoCh yOeAuThcsA, YTo W TpaH3UTHMBHO AeWCTByeT Ha ¢uarax
MHOTOrpaHHMKa M. OTO HalpAMYIO ClleZyeT U3 PaBeHCTBa

M=W-(IT" nD).

Ynpaxuenue 4.15. JJokaXuTe 3TO PaBEHCTBO.

Ykazanue. Bocnomnb3ayittech semmoit 2.30.

YTBep:xzeHUe o cuMBoie Ilneduu ciesyeT U3 KOHCTPYKIIUU CHCTe-
MBI 06pasyromux rpynnsl W, onmrcaHHOH B 1. 4.2.

Ternepp foKaXXeM €JVMHCTBEHHOCTb TAKOT'0O MHOrOI'PaHHUKA. Kak Mbl
Buzienu Boitiie, M =W - C, rae C — CUMIUIEKC, TIOTy9eHHBIN B PE3y/IbTaTe
nepecevyeHus QyHAaMeHTaIbHOIO KOHyca D ¢ moymnpocTpaHcTBoM 117,
MEPIEeHANKY/IAPHBIM €ro 3alaHHOMy pebpy. fIcHO, YTO Bce Takue CUM-
IUTEKCHI TIOZO00OHBI, CIe0BATENBHO, TOAO6GHEI U IIOTyYaeMble U3 HUX MHO-
TOIPaHHUKU. (|

[py usmeHeHuY opueHTauny rpada Kokcrepa MHOrOrpaHHUK IIEepe-
XOZWT B IBOMCTBEHHBIN. TakuM 06pa3oM, HECUMMETPUYHbIE JIMHEHHbIE
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ceasHble rpader Kokcrepa (B, Hs, H4) COOTBETCTBYIOT IapaM JBOH-
CTBEHHBIX MHOTOTPaHHHMKOB, a cuMMeTpuuHble (A,, F,, I,(m)) —ca-
MOZBOMCTBEHHBIM MHOI'OI'DAHHHUKAM.

VITak, MbI TIOTYYIUTU TIOJHYIO KJIACCUUKAIMIO TPABUIBHBIX MHOTO-
rpaHHUKOB. Ee MOXKHO cHOPMYIMPOBATE CIEAYIOUIMM O6Pa30M.

Teopema 4.16. B npocmpaxcmee npou3gonbHol pasmepHoCmu cyuye-
Ccmeyrom mpu npasuibHblX MHO202PAHHUKA, cuMeonbt Illnedau komoposix
pashst (3,...,3), (4,3,...,3) u (3, ..., 3, 4) coomsemcmeenHo (ux mbl
6ydem Hasvlieams pezynsapHuviMu). Kpome mozo, 8 Manslx pasmepHocmsix
umeromest cnedyroujile UCKIOUUMeNbHble MHO202PAHHUKLL.

Cnyuail n =2: npasunbHblil m-y207bHUK, COOMEeMcmayowull Cumeo-
ny Linegpau (m), c epynnoil cummempuil muna I,(m).

Cnyuaii n = 3: npasuibHbsle 000ekasdp U uKocasdp, coomeemcmayio-
wue cumgonam Ilnegnu (5, 3) u (3, 5); ux epynna cummempuil umeem
mun Hs.

Cnyuail n =4: 00uH camodgoticmeeHHblil MHO202PAHHUK C CUMBOJIOM
Inegnu (3, 4, 3) u epynnoil cummempuii muna F, u dea deoiicmeeHnHbix
Opye Opyz2y MHozozpanHuka ¢ cumeoaamu Ilnepnu (5, 3,3) u (3, 3, 5)
u epynnoil cummempuii muna H,.

TTocTpouM SIBHO TPY PETY/IIPHBIX IIPABIIBHBIX MHOTOTPAHHMKA B R".

Onpezenenue 4.17. 1. PaccmorpuM B R Ha6op u3 n + 1 Touku
¢ koopguHatamu (0, ..., 0,1, 0, ..., 0) (ogHa KOOpAWHATA PaBHA eINHU-
1le, OCTaJbHbIE — HY/IN). BhIMyKIas 06004YKa 3THX TOYEK eCTh n-Mep-
HBII MHOTOTI'PaHHUK, JIeKalii B IUIOCKOCTU Z?:ll x; =1. DTOT MHOro-
TPaHHUK Ha3bIBAETCS N-MePHbLM CUMILIEKCOM.

2. PaccmotpuM B R™ Habop u3 2" Touek ¢ koopauHatamu (£1, ..., +1)
IIPU BCEBO3MOKHBIX BBIOOpAaxX 3HAKOB. BrImykirass 06009Ka 3TUX TOUEK
Ha3bIBAETCS N-MEPHbIM KYOOM.

3. Paccmotpum B R" Habop u3 2n Touek Buza (0, ..., 0, £1, 0, ..., 0).
VIx BBITTyKJIas 060/I0YKA HA3BIBAETCA N-MEPHbLM KOKYOOM.

3azaua 4.18. JlokaxuTe, YTO CUMIUIEKC, Ky6 U KOKY0 — perysipHbIe
MpaBWIbHBIE MHOTOI'PAHHUKHY, IIEPEYHCIIEHHEIE B TeopeMe 4.16.

4.5. TloacueT 4yncia rpaHel y MpaBWIbHBIX
MHOTOTPAaHHUKOB

VTak, MBI TIEpEYUCTIIN BCe MpaBUIbHbIE MHOTOIPAaHHUKU. B aToM
MIyHKTE MBI BRIYMC/IMM KOJIMYECTBO I'PaHEN KaXX 10 pasMePHOCTH Y Kax-
Joro us Hux. [l yao6cTBa BBEZEM cieAyiolnee 0603HaYeHHE.
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Omnpepenenue 4.19. HazoBeM f-8ekmopom n-MepHOro MHOI'OT'paH-
HUKa M BeKTOop

f(M) = (fO: [ERS) fn—l) € Zi:

rfe 3HadeHue f; = f;(M) paBHO KOJIUYECTBY i-MEPHBIX I'PaHel JaHHOTO
MHOI'OTpaHHUKA.

Ecnu M — npaBuibHBIM MHOIOTPaHHMK, TO I'pynna SymM TpaH3u-
THUBHO ZIEHICTBYeT Ha I'PaHAX: J0OYI0 IPaHbh MOXKHO IIepEeBECTH B JIIOOYIO
JpyTylo I'PaHb TOH ke pa3MepHOCTH. [I03TOMy KOIW4YeCTBO i-MepPHBIX
rpaHell paBHAeTCA MOPAAKY I'pyHibl Sym M, feleHHOMY Ha IOPAJOK
cmabunuzamopa (Sym M) F, JIaHHOM i-MepHOU rpaHu F;.

Crnepyroliiee MpeAJIOKeHYE TI03BOJISIET HAM OIMCATh CTAOWIM3aTOPHI
i-MepHBIX TPAaHEN.

IMpeanoxenne 4.20. [Iycms (Fy, ..., F,) —¢pnaz e M, a sy, ..., S, —
CBA3AHHASL C HUM cucmema obpasytowux epynnst SymM, onucaHHas
8 n.4.2. Cmabuwnuzamop (SymM) F, 2paHu F; ecmb nodepynna e SymM,
nopoxcOeHHast n — 1 OmpadceHueM Sq, ..., Si41, ---» Sp. TaKUM 06pazom,
(Sym M)y, maxace seassemes epynnoii ompaxcenull; ee epag Kokcmepa
nonyuaemcsi u3 epaga Koxcmepa epynnot SymM ydanenuem (i + 1)-i
8epULLHBL.

JlokasaTeyqbCcTBO. B 1.4.2 MBI BUZeIH, 4TO IUIOCKOCTL H;,; oTpa-
KEHUA S;, COAEP>KUT I'PAaHU ¢ HOMepaMu, He IPeBOCXOAALIMU i — 1,
U IeplIeHJUKY/IApHa BceM IpaHAM ¢ HoMepaMu i + 1 u Bbime. Takum
obpasom,

siy1(F)) =F; mpu j # 1.

Hamportus, rpaHb F; nepeBoAUTCA OTPaXeHUEM S;,q B JPYTyIO I'DaHb,
a UMeHHO, B cMexHyo ¢ F; o pebpy F;_;. CiieqoBaTenbHO,

(SYmMM) g = (51, cves 5415 +vo Sp)-

OcraBmuecs yTBEP)KIEHUA TOMy4aloTCa OTCI0[ja aBTOMaThIecK. [

OTO IpeAJIoKeHNe I03BOJAeT HaM BBIUHUCIUTD KOJIWYECTBO I'paHel
KaXZI0! pa3MepHOCTH y BCeX IPaBWIbHBIX MHOI'OTPAHHUKOB.

IMpumep 4.21. BeraucIvM KOMUYIECTBO i-MEpPHBIX paHel y IIpaBWIb-
HOTro n-MepHOro cumiviekca. Ero rpymnmna cuMMeTpuii SymM ecTb Ipyn-
na oTpaxeHui thna A,. CormacHo npeokenuto, (SymM)g ectb rpym-
a oTpakeHui, rpad Kokcrepa xoTopoit nomydaercs yaanerueM (i + 1)-if
BepunHH U3 rpada Kokerepa SymM, T.e. A,.

®—0— .. — O— X —@— e —@® > O — O — e — @ o — e — @
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OTOT rpad COCTOUT U3 JBYX CBSA3HBIX KOMIIOHEHT: A; 1 A,_; ;. 3HA4UT,
|(SymM)g| = (i +D!(n—1)!

(aTobrr yuecTh caydau i =0 u i =n — 1, 6yaeM cuuTaTh, 4TO A, €CTh
mycToii Tpad; HamoMmHuM, 4To 0! =1, Tak 4YTO 3TU Caydyau He TpebyIoT
ZIOTIOJTHUTETBHOTO PACCMOTPEHUS).

CrneoBaTeNbHO, KOMMYECTBO i-MEPHBIX pebep y MPaBUIBHOTO CHUM-
IUIEKCa paBHO

f= [SymM| _ __ (+D! iy
ETSymM),| — GFDI—D! ~ Tl

IIpumep 4.22. Teneps pacCMOTPUM n-MepHBIHA Ky6. EMy cooTBeT-
CTByeT opueHTHpoBaHHHIN rpad Kokcrepa B,, B KOTOpOM B KadecTBe
HavaJbHOH BEPIIMHLI OTMEYeHA BEpUIMHA IPU pebpe ¢ OTMETKOH 4.
CrabunusaTop i-MepHOI I'paHU eCTh IPYIa OTPAKEHUI, COOTBETCTBY-
tfomasn rpady B,, U3 KOTOpPOro yzajneHa BepIinHa ¢ HomepoM i+ 1. Cie-
AoBatenbHO, rpad Kokerepa rpynns (Sym M)y, paBeH

A,_; mpui=0;
AjUA,_, mpui=1;
B;UA,_;_, mpuiz=2.

3Has, 4TO IOPAAKY TPy OTpakeHUi tuna A, u By paBHH (k + 1)!
u 2K k! COOTBETCTBEHHO, HAXOAWM, YTO

|(SymM)g | = 2°-it- (n—1)1,
OTKyZla TIOJly4aeM KOJTMYECTBO i-MEPHBIX I'PaHel n-MepHOro Kyba:
fi(M) =2"'CL.

KosmyecTBO i-MepHBEIX I'PaHeld n-MepHOro KOKyba — MHOTOI'DaHHU-
Ka, IIBOMCTBEHHOrO K Ky0Oy, — paBHO KonudecTBy (n — i — 1)-MepHBIX
rpaneii ky6a, T. e. 21 CIHL

AHaJIOTUYHBIM 06pa3soM MOXKHO HAWTH f-BEKTOPHI UCKIIOUUTEID-
HBIX IIPAaBWJIBHBIX MHOTOTPAHHUKOB, COOTBETCTByOUMX rpadam Koke-
tepa F4, H; u H, (B IOCTIEHUX JBYX CIIy4asx — C 00eMMHU BO3MOXXHBIMU
opueHTanuaMu). [loxydeHHbIe pe3yabTaThl MOXXHO IIPEZICTaBUTh B BUZE
TabJIUIIEL HA CJIeAYIOUIEl CTpaHuIle.

Yonpaxuenue 4.23. a) IIpozenaiiTe caMOCTOATENbHO BbIUHUCIEHUA
f-BEKTOPOB 11 NCKJIIOUUTENbHBIX MHOI'OTPAHHUKOB B pa3MepHOCTAX 3
u4.
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n I'padp Kokcrepa | CumBon llnednu f-BekTOp MHororpaHHUK

1 . (%] 2) OTPE30K

2 | el e (m) (m, m) M-yTONbHUK

3 |e—eo—oe @3,3) (4,6,4 TETPadAp
e te o “,3) 8, 12,6) Ky6
e—ote (3,4 (6, 12, 8) OKTaszp
I (5,3) (20, 30, 12) ZI0ZieKaszip
IO (3,5 (12, 30, 20) HKOCaszp

4 e — o —0o—o (3,3,3) (5, 10, 10, 5) CHUMILIEKC
et e oo |(433 (16, 32, 24, 8) rHTepKy6
e—e—otoe (3,3,4 (8, 24, 32, 16) TUNIEPOKTadAP
e—ete_o (3,43 (24, 96, 96, 24) 24-TpaHHUK
ele_0—o (5,3,3) (600, 1200, 720, 120) |120-rpaHHUK
- (3,5,3) (120, 720, 1200, 600) | 600-rpaHHUK

n=5|e—e— ... —e |((3..3) .., Cfl:ll, .- Dosi<n CHMILTEKC

ot e e |43..,3 (o 270CH Jocicn | KY6
oo te @ .38 (oo 2FCIFL, . Dogicn | KOKYG

6) T'umeprpaHu KCKIIOYUTENbHBIX MPABUWIHHBIX MHOTOTPaHHUKOB
Pa3sMepHOCTU 4 ABJAIOTCA NMPAaBWIBHBIMU MHOI'OIDAaHHHUKAaMU pa3Mep-
HocTH 3. JlokaxuTe, 4To runeprpaiu 24-, 120- u 600-rpaHHUKa CyThb
COOTBETCTBEHHO OKTa3/PHl, A0AeKa3phl U TeTPasZAphL.

B 3aBepieHre NpeAbsiBUM 6e3 JOKa3aTeIbCTBa KOHCTPYKIMU JBYX U3
TPeX UCKIIIOUHTENBHBIX YeThIPEXMEPHBIX MHOTOI'PAaHHUKOB — 24-TpaHHU-
ka u 600-rpanHuka (120-rpaHHUK 6yZeT MOIy4aThCs KaK JBOMCTBEH-
HBIH k nTocsefHeMy). OkasbIBaeTcsl, Mbl MX yoKe BCTpedasy paHee, Ipas-
Jia, IOJ, IpPyTHMU MMeHaMU.

Teopema 4.24. 1. [Tycms § C H=R* — 6unapHas epynna mempasdpa.
Ee 24 anemenma o6pasyrom MHOJecmao 8epullH NPasuNbHO20 24-2paH-
Huka 6 R*.

2. Bce 120 anemenmos 6urnapHoii epynnst ukocasopa J C H=R* se-
Jcam 8 gepuwluHax npasunbHoz2o 600-zpanHuKa.
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